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On the vanishing ranges for the cohomology of finite groups of Lie type II 
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Abstract. The computation of the cohomology for finite groups of Lie type in the describing characteristic 
is a challenging and difficult problem. In |BNP| . the authors constructed an induction functor which takes 
modules over the finite group of Lie type, G{¥q), to modules for the ambient algebraic group G. In particular 
this functor when applied to the trivial module yields a natural G-filtration. This filtration was utilized in 
|BNPI to determine the first non-trivial cohomology class when the underlying root system is of type An or 
Cn- In this paper the authors extend these results toward locating the first non-trivial cohomology classes 
for the remaining finite groups of Lie type (i.e., the underlying root system is of type _B„, C„, Z)„, Eg, Ej, 
Eg, i^4, and G2) when the prime is larger than the Coxeter number. 



1. Introduction 

1.1. Let G be a simple algebraic group scheme over a field k of prime characteristic p which is defined 
and split over the prime field Fp, and F : G G denote the Frobenius map. The fixed points of the 
rth iterate of the Frobenius map, denoted G{¥q), is a finite Chevalley group where ¥q denotes the finite 
field with elements. An elusive problem of major interest has been to determine the cohomology ring 
H*(G(Fg), k). Until recently, aside from small rank cases, it was not even known in which degree the first 
non-trivial cohomology class occurs. 

This present paper is a sequel to |BNP] where we began investigating three related problems of increasing 
levels of difficulty: 

(1.1.1) Determining Vanishing Ranges: Finding D > such that the cohomology group (G'(Fq), fc) = for 
<i< D. 

(1.1.2) Locating the First Non- Trivial Cohomology Class: Finding a D satisfying (1.1.1) such that 

H^(G(F,),fc)^0. 
A D satisfying this property will be called a sharp bound. 

(1.1.3) Determining the Least Non- Trivial Cohomology: For a sharp D as in (1.1.2) compute H^(G(Fg),fc). 

Vanishing ranges (1-1.1) were found in earlier work of Quillen [Q], Friedlander [F] and Hiller [H] . Sharp 
bounds (1-1.2) were later found by Friedlander and Parshall for the Borel subgroup B{¥q) of the GL„(Fq), 
and conjectured for the general linear group by Barbu [B - A more detailed discussion of these results can 
be fou nd in [BNPl Section 1-1]- 

In [BNP| . for simple, simply connected G and primes p larger than the Coxeter number h, we proved that 
ff(G(Fpr), fc) = for < i < r{p — 2). This provided an answer to (l-l-l) and improved on Killer's bounds 
pHj . For a group with underlying root system of type G„, we demonstrated that D = r{p — 2) is in fact a 
sharp bound, answering (1.1.2). The first non-vanishing cohomology, as in (1.1.3), was also determined. For 
type An, questions (1.1.2) and (1.1.3) were also answered, where the r > 1 cases required the prime to be 



2000 Mathematics Subject Classification. Primary 20J06; Secondary 20G10. 
Research of the first author was supported in part by NSF grant DMS-0400558. 
Research of the second author was supported in part by NSF grant DMS-1002135. 



©0000 (copyright holder) 



1 



2 



CHRISTOPHER P. BENDEL, DANIEL K. NAKANO, AND CORNELIUS PILLEN 



at least twice the Coxetcr number. Our methods also yielded a proof of Barbu's Conjecture (BJ Conjecture 
4.11]. 

In this paper, we continue these investigations in two directions. First we consider the case that G is a 
group of adjoint type (as opposed to simply connected). For such G with p > h, when the root system is 
simply laced, one obtains a uniform sharp bound of r{2p — 3) answering (1.1.2) (cf. Corollary 13. 3. ip . The 
same uniform bound also holds for the adjoint versions of the twisted groups of types A, D, and Eq when 
p> h. 

We then consider the remaining types in the simply connected case. For G being simple, simply connected 
and having root system of type £>„ with p > h, (1.1.2) and (1.1.3) are answered (cf. Theorem I4.5.2|) . For 
type En, (1-1-2) is answered for all primes p > h (with the exceptions of p = 17, 19 for type Eq); cf. 
Theorems [EOl and [OH 

The calculations for the non-simply-laced groups are considerably more complicated. For type B we 
answer (1.1.2) when r — 1 and p > h, see Theorem 16. 7. II Some discussion of the situation for types G2 and 
F4 is given in Sections 7 and 8 respectively. For r = 1 and p > h, we find improved answers to (1.1.1); cf. 
Theorem 17.5.11 and Theorem l8.1.1l Finding an answer to (1-1.2) and (1.1.3) continues to be elusive in these 
types although some further information towards answering these questions is obtained. 

1.2. Notation. Throughout this paper, we will follow the notation and conventions given in the stan- 
dard reference Jan . G will denote a simple, simply connected algebraic group scheme which is defined and 
split over the finite field ¥p with p elements (except in Section [3.31 where G is assumed to be of adjoint type 
rather than simply connected). Throughout the paper let k be an algebraically closed field of characteristic 
p. For r > 1, let Gr ■— ker F*" be the rth Frobenius kernel of G and G{¥q) be the associated finite Chevalley 
group. Let T be a maximal split torus and $ be the root system associated to {G,T). The positive (resp. 
negative) roots are (resp. $~), and A is the set of simple roots. Let i? be a Borel subgroup containing T 
corresponding to the negative roots and U be the unipotent radical of B. For a given root system of rank n, 
the simple roots will be denoted by ai,a2, ■ ■ ■ ,q:„ (via the the Bourbaki ordering of simple roots). For type 
Bn, a„ denotes the unique short simple root and for type C„, a„ denotes the unique long simple root. The 
highest (positive) root will be denoted a, and for root systems with multiple root lengths, the highest short 
root will be denoted oq. Let W denote the Weyl group associated to $, and, for w £ W, let £{w) denote the 
length of the element w (i.e., number of elements in a reduced expression for w). 

Let E be the Euclidean space associated with $, and the inner product on E will be denoted by 
( , ). Let = 2a/ {a, a) be the coroot corresponding to a e $. The fundamental weights (basis dual 
to ck^, a2 , . . . , a.^) will be denoted by uji, uj2, Wn. Let X{T) be the integral weight lattice spanned 
by these fundamental weights. The set of dominant integral weights is denoted by X(T)_(-. For a weight 
A G X{T), set A* := —wq\ where is the longest word in the Weyl group W. By w • A := w(A + p) ~ p we 
mean the "dot" action of W on X{T), with p being the half-sum of the positive roots. For a G A, Sq, e 
denotes the reflection in the hyperplane determined by a. 

For a G-module M , let M'^''-' be the module obtained by composing the underlying representation for 
M with F"". Moreover, let M* denote the dual module. For A G X{T)+, let i?°(A) indf A be the induced 
module and V{X) := H°{X*)* be the Weyl module of highest weight A. 

2. General Strategy and Techniques 

2.1. We will employ the basic strategy used in |BNPj in addressing (1.1.1)-(1.1.3) which uses effective 
techniques developed by the authors which relate H*(G(Fq), k) to extensions over G via an induction functor 
Qr{—). When Gr{—) is applied to the trivial module k, Gr{k) has a filtration with factors of the form 
i?°(A) (g) iJ"(A*)('') [BNPl Proposition 2.4.1]. The G-cohomology of these factors can be analyzed by using 
the Lyndon-Hochschild-Serre (LHS) spectral sequence involving the Frobenius kernel Gr (cf. [BNP| Section 
3]). In particular for r = 1, we can apply the results of Kumar-Lauritzen-Thomsen IKLTj to determine 
the dimension of a cohomology group II*(G, iJ*'(A) ® i?°(A*)^^^), which can in turn be used to determine 
H*(G(Fpr), fc). The dimension formula involves the combinatorics of the well-studied Kostant Partition 
Function. This reduces the question of the vanishing of the finite group cohomology to a question involving 
the combinatorics of the underlying root system $. 

For root systems of types A and G the relevant root system combinatorics was analyzed in |BNP| Sections 
5-6]. In the cases of the other root systems {B, D, E, F, G) the combinatorics is much more involved and 
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we handle these remaining cases in Sections 4-8. In this section, for the convenience of the reader, we state 
the key results from |BNP| which will be used throughout this paper. 

2.2. We first record here a formula for —w ■ that will be used at various times in the exposition jBNPl 
Observation 2.1]: 

Observation 2.2.1. U w ^ W admits a reduced expression w = s p^s . . . s with /^^ e A and 
TO = ^{w), then 

-U; . = /3i + S^i(/32) + S/3i 5^32(^3) H 1- S/3iS/32 . . . S/3^_i 

Moreover, this is the unique way in which —w ■ can be expressed as a sum of distinct positive roots. 

2.3. The Induction Functor and Filtrations. Let Qr{k) :~ mA%^f^^{k). The functor Qr[—) is 
exact and one can use Frobenius reciprocity to relate extensions over G with extensions over G'(Fg) [BNPI 
Proposition 2.2]. 

Proposition 2.3.1. Let M,N be rational G-modules. Then, for all i > 0, 

Ext*G(F^)(M,iV) = Ext*G(M,7V«)e,(fc)). 

In order to make the desired computations of cohomology groups, we will make use of Proposition [23TT] 
(with AI ~ k = N). In addition, we will use a special filtration on Qr{k) (cf. |BNP1 Proposition 2.4.1]). 

Proposition 2.3.2. The induced module Qr{k) has a filtration with factors of the form H°{X)(E)H'^{X*)^^^ 
with multiplicity one for each X G X{T)^. 

2.4. A Vanishing Criterion. The filtration from Proposition 12.3.21 allows one to obtain a condition 
on G-cohomology which leads to vanishing of G(Fpr)-cohomology (cf. (BNP, Corollary 2.6.1]). 

Proposition 2.4.1. Let m be the least positive integer such that there exists X £ X{T)+ with H'"(G', if" (A)® 
H"{X*Y'-y) ^ 0. Then H'(G(F<,),fc) H'(G,g^(fc)) = /or < i < to. 

2.5. Non- vanishing. While the identification of an to satisfying Proposition 12.4.1] gives a vanishing 
range as in (1.1.1), it does not a priori follow that H'"(G(Fg),fc) ^ 0. The following theorem provides 
conditions which assist with addressing (1.1.2) or (1.1.3) [BNP, Theorem 2.8.1]. 

Theorem 2.5.1. Let to be the least positive integer such that there exists v G X(T)_|_ with H'"(G, H^{v)® 
H^{y*)i^)) ^ 0. Let X e X{T)+ be such that H™(G, i?°(A) i?0(A*) «) ^ 0. Suppose W'+^{G,H^{v) ® 
L[^[v*)^'^^) = for all V < X that are linked to X. Then 

(a) ff (G(F,), fc) = /or < i < m; 

(b) H™(G(F,),fc)^0,- 

(c) if, m addition, Yr(G,H^{v) ® i?0(i/*)('')) = for all v £ X(r)+ with v ^ X, then 

H"(G(Fq),fc) ^ H"(G,if°(A) ® i/°(A*)('')). 

From the filtration on Qrik) in Proposition 12.3.21 H'(G(Fq),fc) = II'(G, (/r(fc)) can be decomposed as 
a direct sum over linkage classes of dominant weights. For a fixed linkage class L, let to be the least 
positive integer such that there exists 1/ G £ with H'"(G, i?°(i/) ® iJ° (:/*)('■)) ^0. Let A G £ be such 
that H™(G,7?°(A) ® 7J0(A*)('^)) ^ 0. Suppose H™+\G, iJ°(z^) ® g°(i/*) ('-)) = for all < A in L. Then 
analogous to TheoremEXH it follows that H™(G(F,),fc) ^ 0. See [BNPI Theorem 2.8.2]. 

2.6. Reducing to Gi-cohomology. From Sections l2.4l and [2?5| the key to understanding the vanishing 
of H'(G(FpO,fc) is to understand H'(G,7J°(A) ® H^jXYf^) for aU dominant weights A. For r = 1, these 
groups can be related to Gi-cohomology groups (cf. |BNP1 Lemma 3.1]). 

Lemma 2.6.1. Suppose p > h and let vi, vi G X(T)_|_. Then for all j 

ff (G,i/"(;.i) i/"(^.2*)(i') - Ext^g(F(;.2)('\ii°(;^i)) = HomG(l^(;^2),ff (Gi,F°(^/i))(-i^). 

We remark that the aforementioned lemma would hold for arbitrary rth-twists if it was known that the 
cohomology group W (Gr, H"{i')Y~^^ admits a good filtration, which is a long-standing conjecture of Donkin. 
For p > h, this is known for r = 1 by results of Andersen- Jantzen jAJj and Kumar-Lauritzen-Thomsen |KLT) . 
In that case, the lemma is only needed when vi = V2- For arbitrary r we can often work inductively from 
the r = 1 case. This requires slightly more general Ext-computations and the possibility that vi ^ V2. 
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2.7. Dimensions for r = 1. From Lemma [2.6. 11 for v S X(T)+, the cohomology group H'(G', H^{v) ® 
can be identified with HomG(V'(z^), (d, It is well-known that, from block consid- 

erations, ff(Gi, = unless v = w O+p^i for w € W and /i € X{T). For p > h, from [AJ] and [KLTj . 

we have 



(2.7.1) ff(Gi,i/°(t.)) 



(-1) - 



indg(S'^^(u*) ifi/ = w-0+pAi 

otherwise. 



where u = Lie(C/). Note also that, since p > h and v is dominant, /i must also be dominant. 

For a dominant weight = p/i -I- w • 0, observe that, from Lemma [2. 6. II and (|2.7.ip . we have 

ff (G, 77" (j.) ) ) 5^ Home (V^M , (Gi , H ) 1) ) 

Hence, if H'(G, ^0, then V ~ ^ — [p — + w -0 must be a sum of (i — ^(u'))/2 positive 

roots. 

For a weight and n > 0, let Pn{v) denote the dimension of the weight space of S'"(u*). Equivalently, 
for n > 0, Pn{v) denotes the number of times that v can be expressed as a sum of exactly n positive 
roots, while -Po(O) — 1. The function P„ is often referred to as Kostant's Partition Function. By using 
[AJl 3.8], [KLTl Thm 2], Lemma [2.6.11 and (|2.7.ip . we can give an explicit formula for the dimension of 
ff(G,iJ°(A) (8)i?°(A*)(i)) (cf. fBNP, Proposition 3.2.1, Corollary 3.5.1]). 

Proposition 2.7.1. Let p> h and X = p^ + w ■ e X{T)+. Then 

dimff (G, H"(X) i/"(A*)(i)) - y (-1)^(") A-.M {u-X- fi). 

uew 

2.8. Degree Bounds. The following gives a fundamental constraint on non-zero i such that 

ff(G,i/°(A)®if°(A*)(i)) =Ext'e(T/(A)(i',i/"(A)) ^0. 

It is stated in a more general Ext-context as it will also be used in some inductive arguments for r > 1 (cf. 
[BNPl Proposition 3.4.1]). 

Proposition 2.8.1. Let p > h with 71,72 e X{T)+, both non-zero, such that 7^ = pSj + wj ■ with 
5j e X{T)+ and Wj e W for j = 1,2. Assume Ext}.{Vi-/2Y^\ H^ili)) + 0. 

(a) Let a G . Lf $ is of type G2, assume that a is a long root. Then p{S2, c^) — cr^) + £{wi) + 
(W2 •0,CT^) < i. 

(b) // a denotes the longest root in then p{d2,a'^) — ((5i,a^) -I- £{wi) — £{w2) — 1 < i. Equality 
requires that 72 — i5i = ((« — £{wi))/2)a and {~W2 ■ 0, a^) = £{w2) + 1. 

(c) If^^=-f2=pd + w-0, then i > (p- l)(5,a^) - 1. 

Proposition 12 .8 . II can be generalized to the following (cf. [BNP' Proposition 4.3.1]). 

Proposition 2.8.2. Let p > h, ^ X e X{T)+ and i>0. If (G, iJ"(A) ® iJ"(A*)M) ^ 0, then there 
exists a sequence of non-zero weights X = 70,71, . . . ,7r-i,7r = A G X(T)+ such that 7^ = p6j + Uj ■ for 
some Uj G W and nonzero 5j G X{T)^. Moreover, for each 1 < j < r, there exists a nonnegative integer Ij 
with Ext'(^(y(7j)(i),iJ"(7j_i)) ^ and YI'^^i Ij = i. Furthermore, 

(2.8.1) t>(j2{p-l){S, 

Equality requires that p5j — Sj^i + uj ■ = ((Ij — £(uj^i))/2)a and that {—Uj ■ 0,a^) = ((uj) + 1 for all 
l<j<r. 

Note that the assumption H*(G, i7"(A) (g) i/"(A*)*^''') 7^ in the proposition can be replaced by 

Ext^/G^(\^(A)W,H'(Gi,77°(A)))#0, 
where k-\-l = i. In that case one arrives at the same conclusions with Ix = I. 
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3. Vanishing Ranges in the Simply Laced Case 

In this section we obtain some general vanishing information for those cases when the root system $ 
is simply laced. In such cases, the longest root a and the longest short root ap coincide. Following the 
discussion in Section 2, we want to consider when 

ff(G,iI*'(A)0iI°(A*)(i)) ^0 

for i > and A e X{T)+. 

3.1. To gain information on such cohomology groups, we will use Lemma 12.6.11 and (|2.7.ip . The 
following proposition will aid us in showing that certain cohomology groups are non-zero. 

Proposition 3.1.1. Let a denote the longest root of ^ and I be a nonnegative integer. Then 

HomG(V"((/ + l)a), indi(5'(u*) ® &)) k. 

Proof. The claim follows from the diagram below and the fact that all modules in the commutative 
diagram below have a one-dimensional highest weight space with weight (I + l)a. The first embedding is a 
consequence of the fact that the module V{a) (g) • • • (g) V{a) has a Weyl module filtration. The Weyl module 

{^+1} times 

V{a) is isomorphic to the dual of the adjoint representation, g*. Clearly, g* maps onto u* and V{a) maps 
onto 0_5 (of weight a) as i3-modules. Hence, we obtain the two i3-surjections in the first line of the diagram. 
The remaining maps and the commutativity of the diagram arise via the universal property of the induction 
functor. 

V{{l + l)a) ^ V{a)(S> 

" v ' 

times 

indg(S"(u*)cg)a) 




3.2. For a G- module V and a dominant weight 7 let [V]-y denote the unique maximal summand of V 
whose composition factors have highest weights linked to 7. 

Lemma 3.2.1. Assume that the root system $ of G is simply laced. Let a denote the longest root and 
define A = pa + Sa ■ = {p — h + l)a. Then 

(a) for any non-zero dominant weight fj, linked to zero we have 
ff(G,i7°(Ai) ® = whenever i< r{2p~3); 

(b) for any non-zero dominant weight fj, linked to zero we have 
ExtG/Gi(V^(Ai)^'^\H'(Gi,i7"(Ai))) = whenever k + l< r{2p - 3); 

'i7"(A) ifi = 2p-i 
i/ < i < 2p - 3. 



(c) [ff(Gi,i/"(A)) 



Proof. We apply Proposition 12.8.21 Note that /i being linked to zero forces all the weights 5j of 
Proposition 12.8.21 to be in the root lattice. This forces {5j,a^) > 2. Parts (a) and (b) now follow from 
equation (|2.8.ip and the remark in Section 12.81 

For part (c) we make use of Proposition 13.1.11 with l + l= p — h+1 and conclude that 

HomG(F(A),ind|(S'(P-'')(u*) ® a)) = k. 

Note that in the simply laced case £{sa) = 2/i — 3 which combined with (|2.7.ip yields ind^(S'P~''(u*) (g)a)) = 
H2p-3(Gi,iJ0(A)(-i)). 

The weight A is the smallest non-zero dominant weight in the zero linkage class. Any other non-zero 
weight fi in the linkage class will be of the form 11 = X -\- a = (j> — h -\- l)a + cr, where cr is a non-zero sum of 
positive roots. Clearly /i cannot be a weight of S"^{u*) ® a whenever m < p — h. Hence, 



HomG(V^(Ai),ff(Gi,i/°(A))(-i)) -HomG(y(A*),indi(5'^(u*)®fi)) 
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for all < i < 2p - 3. Since H^p~^(Gi, i?°(A))(-i) has a good filtration one obtains 

[H2?'-3(Gi,ijO(A))(-i)]o = i/"(A). 
Part (b) now implies that [ff (d, iJ"(A))]o = whenever < i < 2p - 3. □ 
Theorem 3.2.2. Assume that the root system of G is simply laced. Then 

H'-(2p-3)(G(F,),fc) 7^0. 

Proof. Let /i be a weight in the zero linkage class. From Lemma r3.2.1f a). we know that IP(G, ® 
= for i < r{2p — 3). Let A = {p — h + l)a. We next show by induction on r that 
jjr(2p-3)(-(^^ ijO(A) (g) F0(A*)('')) ^ 0. For r = f , this follows from Lemma HHI] and LemmaEXHc). 
For r > 1, we look at the Lyndon- Hochschild-Serre spectral sequence 

Lemma [3.2. If b) implies that the i?2'' = for fc + Z < r{2p — 3). Note that 

E^'^ = Ext^(V^(A)('^-i\H'(Gi,i/"(A))(-i)). 

Lemma I3.2.1f c) implies that i?2'' = for / < 2p — 3, and, moreover, that H^{X) is a summand of 
H2P^3(Gi,iJ"(A))(-i). Hence, (cf. [BNB Lemma 5.4]), 

has a summand isomorphic to Ext^ '^\v{X)^^^^\ H'^{X)). By induction, this Ext-group is non-zero, 

and hence e!^^ ^ 7^ and transgresses to the E'oo-page, which implies that 

Exte^'^"'^(l^(A)W,iJ"(A)) ^0. 

Since A is the lowest non-zero dominant weight in the zero linkage class, the claim now follows by applying 
the argument given in Section [2.51 to the weight A and the zero linkage class. □ 

3.3. Finite groups of adjoint type. In this section we assume that G is simply laced and of adjoint 
type. The fixed points of the rth iterated Frobenius map on G will again be denoted by G{¥q). For example, 
if G is the adjoint group of type A then G(Fg) is the projective linear group with entries in the field with 
q elements. Propositions I2.3.T] and [273.21 can also be applied to groups of adjoint type. Note that the root 
lattice and the weight lattice coincide in this case. Therefore all dominant weights of the form p6 + w ■ 
are automatically in the zero linkage class. From Lemma [3.2.11 Theorem 13.2.21 and Proposition 12.4.11 one 
obtains the following corollary. 

Corollary 3.3.1. Assume that the root system $ of G is simply laced and that G is of adjoint type. 
Then 

(a) ff(G(F,), k)=0 forO<i< r{2p - 3); 

(b) H'-(2p-3)(G(F,),fc) 7^0. 

Note that, for type An and q — 1 and n + 1 being relatively prime, the adjoint and the universal types of 
the finite groups coincide. In these cases the above claim was already observed in Theorems 6.5.1 and 6.14.1 
of [BNP]. 

Remark 3.3.2. Let G be of type A, D, Eq and of adjoint type. Let a denote an automorphism of 
the Dynkin diagram of G. Then a induces a group automorphism of G that commutes with the Frobenius 
morphism, which we will also denote by a. Let Gcr(Fq) be the finite group consisting of the fixed points of 
(7 composed with F. Note that cr fixes the maximal root ce. Therefore the discussion in this section also 
applies to the twisted groups Ga(¥q) of adjoint type. In particular, Corollarv 13.3 . 1 1 holds for these groups as 
well. 

4. Type n > 4 

Assume throughout this section that $ is of type Z?„, n > 4, and that p > h = 2n — 2. Following Section 
2, our goal is to find the least i > such that H^G, iJ°(A) (g) H°{X*)) ^ for some A. 
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4.1. Restrictions. Suppose that (G, H°{X) (g) iJ°(A*)(i)) ^ for some i > and A = + w • with 
fj. G X{T)+ and w eW. From Proposition [llUe) , i > {p ~ a"^) - 1. 
For a fundamental dominant weight ujj, 



1 if j = 1 , n — 1 , n 

2 if 2 < j < n - 2. 



Therefore, if /i ^ wi, a;„_i, cli„, we will have (/i, 5^} > 2 and i > 2j< — 3. This reduces us to analyzing the 
cases when = wi , a;„_ i , aj„ , 

4.2. The case of wi. We consider first the case that A = pui +u'-0 and obtain the following restrictions. 
Lemma 4.2.1. Suppose $ is of type D„ with n > 4 and p > 2n 2. Suppose A = pwi + w • G X(T')+ 

(a) ff(G, i?°(A) ® ifO(A*)(i)) = /or < i < 2p - 2n; 

(b) i/tfP-^"(G,iJ"(A) «)iJ"(A*)(i)) 7^ 0, then X ^ pwi - {2n - 2)ui = {p-2n + 2)ui. 

Proof. Following the discussion in Section [^771 A — wi = (p — l)uji + w ■ must be a weight of S^{u*) 
for J = '~^^("') ^ Recall that wi = ai + a2 + • ■ • + an-2 + + ^Q^n- Consider the decomposition of — w ■ 

into a sum of £{w) distinct positive roots (see Observation 12 . 2 . I|) . Write £{w) = a + b where a is the number 
of positive roots in this decomposition that contain ai and b is the number of roots in this decomposition 
that do not contain ai. Then X — uji contains p — 1 — a copies of ai. Since any root contains at most one 
copy of ai , we have 

» - Kw) 

^ =3 >P-^-a- 

Replacing £{w) by a + 6 and simplifying gives 

i > 2p - 2 - a + b. 

The total number of positive roots containing an ai is 2n — 2. Since we necessarily then have a < 2n — 2, 
we can rewrite the above as 

i > 2p - 2 - (2n - 2) + 6 
= 2p - 2n + 6 
> 2p - 2n 

since 5 > 0. This proves part (a). Furthermore, we see that z = 2p — 2n if and only if 6 — and a = 2n — 2. 
In other words, when —w ■ is expressed as a sum of distinct positive roots, it consists precisely of all 2n — 2 
roots which contain an ai. That is, —w ■ = {2n — 2)lui, which gives part (b). □ 

4.3. The case of uji continued. We will show in Proposition 14.3.21 that 

h2p-2"(G, H%X) 8) i?°(A*)(i)) ^ 

for X = {p — 2n + 2)cji. To do this, we will make use of Proposition 12. 7.11 We first make some observations 
about relevant partition functions. Note that lui = ei. 

For $ of type Z?„, with n > 4, and integers m,k, we set 

[ ■ ^^i) if ™ > 1, fc > 0, 
P(m,fc,n);=M if m = 0, fc = 0, 

[o else. 

Note that 

P{m,k,n) = dimRomG{V{mei),H°{G/B,S''{u*))) = [chH°{G/B,S''{u*)) : chH°{mei)], 
when m > 0, fc > 0, n > 4. 

Lemma 4.3.1. Suppose $ is of type Dn with n > 4 and m > 0. 

(a) P{m^ k,n) = whenever k < m. 

(b) Euewi-'^Y'^^^Pkiu ■ mei - ei) = P{m - 1, fc, n). 

(c) E„ew(-l)'^"'^fc(« • + ei) = + 1. k, n) - Pirn + l,k,n - 1), for n > 5. 
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(d) E„6M/(-l)'^"^^fc(" • + ei) = Pim-l,k- 2n + 2, n). 

(e) P(m, fc, n) — P{m, k,n — 1) + P{m — 2, k — 2n + 2, n), for m > 0, n > 5. 

(f) P(rn, m,n) = I, for n > 4 and m even. 

Proof, (a) The weight wi = ei = ■^{ai + a), written as a sum of simple roots, contains one copy 
of ai. Assume that < fc < to and n > 4. Recah that P{m,k,n) = '^^ewi^^Y''^^ -^kiu ■ mci). 
Note that u ■ mei = u(mei) + m • is a sum of positive roots if and only if ^(ei) = ei. Therefore, 
P{m,k,n) = I]{„gvF|u(ei)=ci}(~l)'''^"''-Pfc(" ' If u{ei) = ei then u ■ mei = mei + u ■ 0. In addition 

—u ■ 0, written as a sum of simple roots, contains no ai. Hence, u ■ mei, written as a sum of simple roots, 
contains exactly m copies of ai. Each positive root of $ contains at most one copy of ai. Therefore at least 
TO positive roots are needed to sum up to w • mei. One concludes that Pk{u ■ mei) ~ for k < m. 

(b) Again u ■ mei — ei is a sum of positive roots only if u{ei) — ei. Therefore, 

J2{-lY<^^^Pk{u-mei-ei) = ^ (_i)^(«)p,(„ . ^ei - ei) 

u£W {ueW|ii(ei)=ei} 

E (-l)'("'Pfe((m-l)ei+7..0) 

{ueVKl«(ei)=ei} 

E (-l)'^")Pfe(u-(TO-l)ei) 

{ueVK|M(ci)=ei} 

= P{m — 1, fc, n). 

(c) For the expression u ■ mei + ei to be a sum of positive roots one needs either u{ei) = ei or u(ei) = 62 
and u(e2) = ei. Set A = Euewi^'^Y^"^ Pk{u ■ mei + ei) Then 

{MGlV|ti(ei)=ei} {u£W\u(ei)=e2,u(f2)=ei} 

E (-l)'("^/'fc((m + l)ei+w-0) 

{«eW|ti(ei)=ei} 

+ E (-l)^(")+^Ffc(sai™ei+u-0-ai+ei) 

{iiGW[M(ei)=ei,u(e2)=«2} 

E (-l)'^")/'fc("-(m + l)ei)- (-l)^(")Pfc(u.(m + l)e2) 

{MeW|ti(ei)=ei} {MGW|ti(ei)=ei,«(£2)=e2} 

= P(m + l,fc, n) - P(m + 1, fe,n - 1). 



(d) We make use of the fact that ui = ei is a minuscule weight and obtain: 
A = [{J2{-^yc^H'{G/B,S''iu*)(E)-ei)) -.chH^imei)] 

i>0 

= [chH°{G/B,S''{u*)(E)~ei)) : chi?°(mei)] 

= [chH°{G/B,S''-^"+\u*)®ei)) : chH°{mei)] (by [RCTl Lemma 6]) 
- E (-l)''"^^fc-2„-2(« • mei - ei) (by [AJl 3.8]) 

= P{m-l,k-2n + 2,n) (by (b)). 



Part (e) now follows directly from (c) and (d). 

(f) If n > 5, it follows from (e) and (a) that P{m,m,n) = P{m,m,n — 1). So the claim holds if it holds for 
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n = 4. If n = 4 and k = m, then (e) has to be replaced by 

P(to,to,4)= Y1 (-l)^(")P™(M-TOe2). 

{jiGW|ti(ei)=ei,u(£2)=e2} 

Note that the both sides of the equation are zero unless m is even. For even m, a direct computation similar 
to that in the proof of |BNP| Lemma 6.11] shows that 

^ (-l)^(")p„(u-me2) = l. 

{uew|u(isi) =€1,11(62) =£2} 

n 

Proposition 4.3.2. Suppose $ is of type £)„ withn > 4. Assume thatp > 2n-2. Let X = {p-2n + 2)uji. 
Then 

jj2p-2„(^^ ijO(A) iJ"(A)(i)) = k. 

Proof. From the previous discussion we know that X = (p — 2n + 2)uji is of the form puji + w ■ with 
£{w) ^ 2n — 2. Set k = {i — l{w))/2. From Proposition 12 . 7. II and Lemma [4.3. If b). one concludes 

dimff(G,i7°(A) ®i7°(A)(i)) = [ch H° {G / B, S''{u*) ® uj^) ;chiJ"(A)] = P{p - 2n + 1, k,n). 

By Lemma I4.3.ir a') , this expression is zero unless k > p — 2n + 1 and Lemma I4.3.ir d) it follows that 
P{p — 2n + l,p — 2n + l,n) = 1. Replacing k by (i — 2n + 2)/2 and solving for i yields the claim. □ 

4.4. The case of t<j„_i and aj„. We now consider the case that A = poJn-i + w • or A = pujn + w - 
ioT w eW with A e X{T)+. 

Lemma 4.4.1. Suppose $ is of type Dn with n > 4 and p > 2n~2. Suppose X = pujn-i + w • G X{T)j^ 
or A =pa;„ + w - e X{T)+ with w (^W, and R\G, H"{X) (g) H"{X*)''^^) j^O fori^O. Then 

^ ^ {p~n)n 
\ ) - 2 

(b) ifn>5, then i>2p~2n + 2. 

Proof. We consider the case of w„. By symmetry, the case of a;„_i can be dealt with in a similar 
manner. Following the discussion in Section [^771 X — LUn = {p — l)i^n + w ■ must be a weight of (u*) for 
j — i— Recall that 

1 (ri — 2) n 
^11 = 2'"! + + 3Q!3 H h (n - 2)a„_2) H — "n-l + ^"n- 

Consider the decomposition of — w ■ into a sum of distinct positive roots (cf. Observation 12.2.1]) . Write 
i{w) = a + b where a is the number of positive roots in this decomposition which contain a„ and b is the 
number of roots in this decomposition which do not contain a„. Then X — ujn contains — a copies of 

a„. Since any root contains at most one copy of a„, we have 

i — £{w) {p — l)n 

= j > a. 

2 - 4 

Substituting £{w) = a + b, rewriting, and simplifying, we get 

(p — l)n 
i > ^ ' a + b. 

The total number of positive roots containing an is t"'^^)" , Since we necessarily have a < and & > 0, 

we get 

(p — l)n {n — l)n 



i > 
> 

which gives part (a). 



2 2 

{p — n)n 



2 

{p — n)n 



b 
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For part (b), assume that n > 5. We want to show that 

(p — n)n „ „ „ 
^ ^ ' >2p-2n + 2. 

This is equivalent to showing that {p — n)n > 4p — 4ri + 4. Consider the left hand side: 

(p — n)n = np — = Ap + {n — 4)p — . 

Hence the problem is reduced to showing that (n — 4)p — > —An + 4 or (n — A)p — + 4n — 4 > 0. Since 
p > 2n — 1, we have 

(n - 4)p - + 4n - 4 > [n ~ 4)(2n - 1) - + 4n - 4 
= — bn = n[n — 5) > 

since n > 5. Part (b) follows. n 
Note that if n = 4, 

(p — n)n Alp — A) 

^ ^\ ' = 2p-8 = 2p-2n. 

4.5. Summary for type D. The following two theorems summarize our findings when the root system 
is of type -D„. 

Theorem 4.5.1. Suppose $ is of type £)„ with n > A. Assume that p > 2n — 2. Then 
(a) (G(Fp), /c) = /or < i < 2p - 2n; 

k if n > 5 
k®k®k ifn^A. 



(b) H2f-2"(G(Fp),A:) 



Proof. Part (a) follows from Section [4Tl Lemma l4.2.ir a). Lemma |4.4.1[ and Proposition [2ATJ 
For part (b), when n > 5, it follows from Section WA\ Lemma [4. 2. 11 Proposition 14.3.21 and Lemma [4.4. II 
that {2p-2n + 2)wi is the only dominant weight with R^p^^'^G, H°{X) ® H°{X*Y^^) ^ 0. Since A is 
the lowest weight in its linkage class, the claim follows from Theorem 12.5.11 For n — A the symmetry of 
the root system yields R'^P'^'' {G , H° {X) (gi i?°(A)(i)) = k for the weights A = (p - 6)wi, A = (p - 6)a;3 and 
X = {p — 6)a;4, and those are the only weights with non-zero C?-cohomology in degree 2p — 2n. Each weight 
is minimal in its own linkage class. The claim follows. □ 

Working inductively from the r — I case, we can obtain sharp vanishing bounds for arbitrary r. 

Theorem 4.5.2. Suppose $ is of type £)„ with n > A. Assume that p > 2n — 2. Then 
(a) ff (G(Fg), k) = Q forQ<i< r{2p - 2n); 

k if n > 5 
k®k®k if A. 



(b) H''(2p-2»)(G(F,),fc) 



Proof. For part (a), we need to show that H* (G,i/°(A) ® H^{X*Y''^) = for < i < r{2p - 2n) and 
A G X{T)+. If that is true, then the claim follows from Proposition 12.4.11 For part (b), we require precise 
information on those dominant weights A for which H'^^^^^") (G, i7°(A) ® H"{X*Y'''>) ^ 0. The root lattice 
2$ has four cosets within X{T): Z(f>, {uji + Z(f>}, {w„_i + Z$}, and {a;„ + Z$}. If A is a weight in the root 
lattice claim (a) follows from Lemma l3.2.ir a). Furthermore, no such weights can contribute to cohomology 
in degree r(2p — 2n). 

Assume that ff(G, H°{X)'»H°{X*)^'''>) ^ for some i > and apply Proposition EX^ Suppose first that 
A = pSo + uo-0 with So = 5r e {wi+Z$}. For each 1 < j < r, in order to have Extj4(l/(7^)(i\ i/°(7j_i)) ^ 0, 

then jj — Sj-i — p6j + Uj -O — Sj^i must he a, weight in S 2 (u*). This implies that —(5j-i must lie in 
the positive root lattice. Since 5r £ {uji + Z$}, we necessarily have pSr £ {wi + Z$}. Since p5r — 6r-i G Z"I>, 
it then follows that Sr-i € {toi + Z<I>}. Inductively one concludes that Sj S {wi + Z$} for all j. 

For a weight 7, when expressed as a sum of simple roots, let N{'-f) denote the number of copies of ai 
thai appear. Since a positive root contains at most one copy of ai, we have 



l^Jp^ > pN{S,) - N{-u, ■ 0) - N{S,.,). 
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From Observation 12.2.11 we know that —uj ■ can be expressed uniquely as £{uj) distinct positive roots. 
Write i{uj) = aj + bj where Uj denotes the number of roots containing an ai and bj the number that do 
not. Then N[uj ■ 0) = — Oj, and rewriting the above gives 

Ij > 2pN{6j) - 2N{Sj-i) ~ 2aj + a^-i + bj-i. 

Hence, summing over j gives 

r r r r 

RecaU that the Sj are non-zero dominant weights. By the assumption on Sj, N{dj) > 1. The total number 
of positive roots containing an ai is 2n — 2. Hence, aj <2n~2. With this, we get 

r r 

(4.5.1) i > r(2p - 2) - r{2n - 2) + E = ''(^P " 2n) + E - ^(^P " 2n), 

j=i i=i 

since bj > 0. This gives the necessary condition for part (a) for the coset {uji +Z$}. Before considering the 
remaining two cosets, towards addressing part (b), we consider when equality can hold in (j4.5.ip . 

As in Section [4.21 we see that equality holds in (|4.5.ip if and only if N{dj) — 1 and i{uj) = 2n — 2, 
which forces A = 7j = {p — 2n + 2)wi for all j. Moreover, one obtains from the discussion above and 
Proposition for A = (p — 2n + 2)wi that 



(4.5.2) [iJXGi,i?*'(A)) 




(-1)1, ^ 



li i ~ 2p — 2n 

if < i < 2p - 2n. 



Using the spectral sequence argument in the proof of Theorem 13.2.21 (see also the proof of jBNP) Lemma 
5.4]), we can show that H''(^''~2")(G', iJ"(A) ® H^{X*Y''^) = k. We prove this by induction on r with the 
r = 1 case being Theorem 14.5. II Consider the Lyndon- Hochschild-Serre spectral sequence 

4'''=Ext^/G.(nA)('^\H'(Gi,7?"(A))) 

^Ext^(l/(A)(''-i),H'(Gi,ffO(A))(-i)) ^Ext^+'(F(A)(''),ffO(A)). 

From the remarks in Section and the discussion above, £'2 '' = for fc + / < r{2p — 2n). Furthermore, 
from (gXSl), E^''^ = for I < 2p - 2n. Finally, if E^''' ^ and k + I = r{2p - 2n), then, from the above 
conclusion that 7j = A for each j, we must have / = 2p — 2n. Hence, the e'^ ^^'■^^ 2Ti),2p 2n_^^^^ survives to 
Eoo and is the only term to contribute in degree r{2p — 2n). Hence, by (j4.5.2p and our inductive hypothesis, 
Ext^('^~2")(F(A)(''\i/"(A)) ^Ext[:-i)(2P-'"^(F(A)(''-i),H2?'-2n(Gi,ffO(;^))(-i)) 

^ Ext[:-^)(2P-'")(y(A)('-i),i?°(A)) ^ k. 

To complete the proof of (a) we need to consider the case that A = p^o + uq • with 5q ^ 5r £ 
{ijJn-i + Z'i'} U {uJn + Z$}. As above, p5j +Uj-Q — 5j-i must lie in the positive root lattice. Since uj ■ does, 
this implies that pSj — Sj^i must lie in the positive root lattice. When expressed as a sum of simple roots 

Wn-i = iaiH (as does cj„). Whereas, for 1 < j < 2, ujj ~ ai^ . Since G {w„_i-l-Z$}U{a;„+Z$}, 

for p6i — So to lie in the positive root lattice, when expressed as a sum of fundamental weights, p6i must 
contain an odd number of copies of a;„_i and LUn in total. Since p is odd, this also holds for Si. Inductively, 
every Sj has this property. 

We may assume therefore that each Sj contains at least one copy of ujn or one copy of w„_i. Proceed as 
above, but let Na^{'y) and A^a„_i(7) denote the number of copies of an and an-i, respectively, appearing 
in 7. Set iV(7) = max{A^c(„ (7), -^q^ ^ (7)}. Note that, for the weights 7 that appear in what follows, both 
-^"71(7) and iVQ„_i(7) are nonnegative. Again, a positive root contains at most one copy of a„ or a„_i. 
Just as above, we get 

Ij > 2pNa^ (Sj) - 2iV„„ {^Uj ■ 0) - 2Na„ (Sj-i) + ^(uj-i) 
and the corresponding dual statement for q;„-i. By choosing the appropriate root we obtain 

Ij > 2pN{5,) - 2iVa„ {-Uj ■ 0) - 27Va„ {5j-i) + i{uj-i) 
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or 

Ij > 2pN{Sj) - 2N^^_,{-Uj ■ 0) - 2N^^_,{5j^i)+e{uj-i). 
Either one will result in 

Ij > 2pN{5j) - 2N{-Uj ■ 0) - 2N{Sj-i) + ^(mj-i). 
From earlier arguments we know that £(uj_i) > N{~Uj_i ■ 0). Hence 

Ij > 2pN{Sj)~2N{-Uj-0)^2N{Sj-i)+N{-Uj^i-0). 
Summing over j, one obtains 

r r 

* = E ^ E - m{s,) - N{~u, • 0)] . 

Clearly, N{-Uj ■ 0) < N{-wo ■ 0) = ^i^^. Moreover, we can say that N{Sj) > j. Substituting this gives 

rn{n — 1) 



i > r 



(2p-2,(=) 



2 

(p — n{n — 1) 

2 2 
> r{2p-2n), 

where the last inequality follows as in the proof of Lemma [4.4. II Thus part (a) follows. For n > 5, the last 
inequality is strict. Hence, A = {p — 2n + 2)u!i is the only dominant weight for which iV~^^^~'^^\G , {X) 
H°{X*)(^)) ^ 0. As in the proof of Theorem gXH since A is minimal in its linkage class, part (b) follows. 
Similarly, for n = 4, by symmetry, part (b) follows. □ 

5. Type E 

5.1. Type Eg. Assume for this subsection that $ is of type Eq with p > h = \2 (so p > 13). The 
only dominant weights fj, with {fi,a'^) < 2 are wi and ajQ. One concludes from Proposition I2.8.T] and 
Proposition 12.4.1] that ff(G(Fp),fc) = for all < i < 2p — 3 unless there exists a weight A of the form 
puji+wOor of the form puje + w ■ with (G,i?°(A) (g) H°(\*)'-^^) ^ for some < i < 2p - 3. 

Lemma 5.1.1. Suppose $ is of type Eq, p > 13 and A G X(T)-|_ is of the form pcji + w-O orpLJe + w-O with 
w eW. Assume in addition that p ^ 13, 19. Then W{G,H°{X) (g) H°{X*)'^'^^) ^ for all < i < 2{p-l). 

Proof. We prove the assertion for A = puti + w ■ 0,w ^ W. Let N denote the number of times that ai 
appears in —w ■ when written as a sum of simple roots. Note that all positive roots of $ contain the simple 
root ai at most once. This implies that N < i{w). Moreover, there are exactly 16 distinct positive roots 
containing ai. Hence, < 16. 

Using oji = l/3(4ai + 3a2 + 5a3 + 60:4 H-4a5 + 2a6), we note that A — wi, written as a sum of simple roots 
contains at least 4/3(p - 1) - A^ copies of ai. From Section!^ we know that ff (G, i7"(A) ® i/°(A*)(i') ^ 
and i > imply that A — wi is a sum of (i — £{w))/2 many positive roots. Note that this can only happen if 
(p— 1) is divisible by 3. Again using the fact that ai appears at most once in each positive root, one obtains 
the inequality: 



-(p-l)-N < 

3^^ ^ - 2 



Solving for i yields 



i>l{p~l)~2N + £{w) >2{p-l) + ^ip-l)-N>2ip-l) + ^{p - 1) - 16. 

Note that equality holds if and only if A^ = £(w) = 16. 

One obtains the desired claim i > 2{p — 1) for all primes except those of the form p — 3t + 1 with 
13 < P < 25, i.e., the primes p = 13 and p = 19. □ 

Theorem 5.1.2. Suppose $ is of type Eq and p > 13. 
(a) If p ^ 13, then 

(i) (G(Fp), k) = for0<i<2p- 3; 
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(ii) H2p-3(G(Fp),fc)^0. 
(b) Ifp^ 13, then 

(i) ff (G(Fp), fc) = /or < i < 16; 

(ii) Hi6(G(F^),fc)^0. 



Proof. For p ^ 19, part (a) follows immediately from Lemma 15.1. 1[ Proposition 12.4.11 and Theo- 
rem 

For the proof of part (b), set p — 13. Part (i) follows from the proof of Lemma TS. 1.1 1 Let Wi denote 
the subgroup of W generated by the simple reflections Sc^, s^g and let w denote the distinguished repre- 
sentative of the left coset wqWi. Then i{w) = 16 and —w ■ equals the sum of all positive roots in $ that 
contain ai, which equals the weight 12^1. Let A = puji + w ■ — uji. Clearly, 

k^RouiGiV{X),H°{X)) ^ HomG(F(A),indg(S'°(u*) 

= HomG(F(A), indi(5(i6-^(™»/2(u*) Wi)) 

= HomG(nA),Hi6(Gi,i/"(A))(-i)) 

^ Hi^(G,i?°(A) «)iJ"(A*)(i)). 

Since A is the smallest dominant weight in its linkage class the assertion follows from the remarks in Sec- 
tion O 

For p — 19, part (a)(ii) follows from Theorem 13.2.21 It remains to show part (a)(i). If II*(G,-ff°(A) €3 
H"{X*)W) ^ for i < 35 = 2p - 3 and A e X{T)+, then A = I9ui + w • or A = 19^6 + w-0 for some 
w G W. From the proof of Lemma [5. 1.11 one can see that i > 32. Consider the case that A = 19wi + w ■ 0. 
The u!e case is dual and analogous. One can explicitly, with the aid of MAGMA, identify all w G W such 
that A 6 X(T)^ and X ~ ioi lies in the positive root lattice. By considering the number of copies of ai 
appearing in A — wi (as in the proof of Lemma IS.l.ip . one can identify the least k such that A — wi is a 
weight in S'^{u*), and hence the least possible value of i. The three weights which can give a value of « < 35 
are listed in the following table along with the minimum possible value of k. 



X 


l{w) 


k 


i = 2k + £{w) 


TuJi + W4 


14 


10 


34 


luJi + UJ2 


15 


9 


33 


7a; 1 


16 


8 


32 



For these weights, one can use MAGMA to explicitly compute 

^(-l/(")Pfc(7.-A-c.i) 



in order to apply Proposition 12.7.11 For A = 7uji, one finds that in fact 
dimH32(G,i/°(A)®i/°(A*)(i); 



and 



^(-l/(")P8(^..A- 
dimH34(G,i/°(A) ® i/°(A*)(i)) = ^(-1)^(")P9(M-A- 



cji) = 0. 



uew 



So, for A = 7wi, we have i > 36. 
For X = 7uji + UJ2 one finds 



dimH3^(G,H°(A) ® H°(A*)(i)) = ^(-l)'^(")P9(u-A-u;i) = 0. 

uew 

Therefore, i > 35 in this case. 

Finally, for A — Tuti + UJ4, one finds 

dimH34(G, H°iX) ® i/°(A*)(i)) = ^ (-l)^(")Pio(?i • A - cji) = 0. 

uew 

Therefore, i > 36 in this case and the claim follows. 
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We now consider the situation for arbitrary r. Sharp vanishing can be obtained for primes about twice 
the Coxetcr number. 



Theorem 5.1.3. Suppose $ is of type Eq and p > 13. 

(a) If p ^ 13, 19 or p ^ 17 when r is even, then 

(i) ff (G(F,), k) = OforO<i< r{2p - 3); 

(ii) H'-(2f-3)(G(F,),fc) ^0. 

(b) Ifp= 13, then 

(i) ff (G(F,), k)^Q forO<i< 16r; 

(ii) R''^{G{¥,),k)^0. 

(c) If p = 17 and r is even, then 

(i) ff (G(Fg), k)^0 forO<i< 27r; 

(ii) H3i'-(G(F,),fc)^0. 

(d) Ifp= 19, then 

(i) ff (G(Fg), k) = forO<i< 32r; 

(ii) H35'-(G(F,),fc)^0. 

Proof. The vaUdity of parts (a)(u), (c)(ii), and (d)(h) fohows from Theorem 13.2.21 For part (a)(i), 
we need to show that H'(G, H°{X) (g) i7°(A*)('')) = for all dominant weights A and all < i < r(2p - 3). 
We argue along lines similar to that of the proof of Theorem 14.5.21 The root lattice Z$ has three cosets 
within X{T): Z$, {oji + Z<i>}, and {ojq + Z$}. If A is a weight in the root lattice, claim (a)(i) follows from 
Lemma 13.2. If a) . 

Assume that H'(G, i/°(A) 77°(A*)('")) ^ for some i > and apply ProDOsition l2.8.2l From above, we 
may assume that A = pSq + uq-Q with 5q ^ E {oji + Z$} U {wg + Z<i>}. For each 1 < j < r, in order to have 

Ext^(y(7j)(i) , i?°(7j_i)) ^ 0, then jj - S^^i = pS, + itj • - must be a weight in g '^'^'a'"'' (u*). This 
implies that p5j — 5j^i must lie in the positive root lattice. Since 5r G {loi + Z"I>} U {ljq + Z$}, we necessarily 
havepJr G {wi+Z$}U{cj6+Z$}. Since -(5r-i G Z$, it then follows that (5^-1 G {i:ji+Z$}U{i:j6+Z*}- 
Inductively one concludes that 5j G {wi + Z$} U {wg + Z$} for all j. 

Before continuing, we investigate this condition on 5j a bit further. Recall that uji — |ai + • • • + |a6 
and cl>6 = fo^i + • • ■ + |ck6. Suppose that 5j G {wi + Z<I>} and 5j-i G {wi + Z<I>}. In order for p5j — 
to lie in the root lattice, f P — | = |(P ~ 1) would need to be an integer. In other words, p ~ 1 must be 
divisible by 3. The same argument holds if we assume that both Sj and Sj-i lie in {luq + Z<I>}. On the other 
hand, suppose that 5j G {uji + Z$} and Sj^i G {wg + Z$} (or vice versa). Then |p ~ | = ~ 1) (or 
|p — I — |(p — 2), respectively) must be an integer which implies that p — 2 is divisible by 3. Since p is a 
prime greater than three, either p — 1 is divisible by 3 or p — 2 is divisible by 3. Summarizing, if 3|(p — 1), 
then either each 6j G {uJi +Z$} or each Sj G {ujq + Z$}. We refer to this as the "consistent" case. Whereas, 
if 3|(p — 2), then we have an "alternating" situation with the 6jS alternately lying in {wi + Z$} or {ujq + Z^}. 
Note further that since — Sr, the alternating case can only occur if r is even. 

Consider first the consistent case (when 3|(p — 1)). Suppose without loss of generality that each 6j G 
{wi + Z$}. For a weight 7, when expressed as a sum of simple roots, let N{'j) denote the number of copies 
of ai that appear. Since a positive root contains at most one copy of ai, we have 



^ > pN{S,) - N{~u, ■ 0) - iV(<5,-i). 

Rewriting this and using the fact that (see Observation 12.2. IT) £{uj-i) > N{—Uj^i ■ 0) gives 



Ij > 2pN{5j) - 2N{-u.j ■ 0) - 2N{6.j-i) + (.{uj-i) 

> 2pN{Sj) - 2N{-Uj ■ 0) - 2N{Sj-i) + N{-Uj_i ■ 0). 
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Therefore, 

r r 
r 

= J2{{2p-2)N{5,)-N{^u,-0)). 

There are only 16 positive roots which contain an ai. Hence, N{—Uj ■ 0) < 16. Since N{6j) > |, we get 

' > E - 2) - 16^ = r Q(2p - 2) - 16^ = r (^2p - 2 + i(2p - 2) - 16 

For p > 25, we get i > r{2p — 2) as desired. Note that for p = 17 and p = 23, 3 \ {p — 1), and so the only 
"bad" cases are p = 13 and p = 19. For p = 13, we conclude that i > 16r, and for p = 19, we conclude that 
i > 32r. 

Now consider the alternating case (which requires p — 2 being divisible by 3). Analogous to the proof 
of Theorem 14.5.21 for the type Z)„ case, for a weight 7, let Na-^{'~f) (or Nag{'j)) denote the coefficient of ai 
(or ag) when 7 is expressed as a sum of simple roots. And then set A^(7) — maxjiVaj (7), A'^c(g(7)} (where 
the max is considered only in cases where the quantities involved are nonnegative). Then we reach the same 
conclusion on i as above. In this case, p = 13 and p — 19 cannot occur. Moreover, p = 17 and p — 23 are 
potentially "bad." However, for p = 23, since i is an integer, we still conclude that i > r{2p — 3) as needed. 
For p — 17, we conclude that i > 27 r. 

That completes the proof of all parts except for part (b)(ii) with p = 13. This follows inductively 
from the r — 1 case by using the the spectral sequence argument as in the proofs of Theorem 13.2.21 and 
Theorem IM^l □ 

For p — 17 when r is even and p = 19, the theorem does not give a sharp vanishing bound. 

5.2. Type Ei. Assume for this subsection that $ is of type E-j with p > h ~ 1^ (so p > 19.) The only 
dominant weight /i with (/i, a) < 2 is ojy. Again we conclude from Proposition 12.8.11 and Proposition 12.4.11 
that ff(G(Fp), fc) = for all < i < 2p — 3 unless there exists a weight A of the form pujr + w ■ with 
ff(G,i7°(A) ® i70(A*)(i)) ^ for some < i < 2p - 3. 

Lemma 5.2.1. Suppose $ is of type E^, p > 19 and A G X(T)+ is of the form pujj + w • with w £ W. 
Assume in addition that p ^ 19, 23. Then ff (G,i?°(A) ® i?°(A*)(i)) ^ for all < i < 2{p - 1). 

Proof. Assume A = pw7 + w ■ 0,w W. Let N denote the number of times that ay appears in —w ■ 
when written as a sum of simple roots. Note that all positive roots of $ contain the simple root ay at most 
once. This implies that N < £{w). Moreover, there are exactly 27 distinct positive roots containing ay. 
Hence, TV < 27. 

When writing cjy as a sum of simple roots the coefficient for ay is 3/2. Therefore A — wy, written 
as a sum of simple roots contains at least 3/2{p — 1) ~ N copies of ay. From Section [^771 we know that 
ff (G,iJ°(A) ® iJ°(A*)(i)) ^ and i > imply that A — uii is a sum of (i — £{w)/2 many positive roots. 
Using the the fact that ay appears at most once in each positive root, one obtains the inequality: 

3, , i-£(w) 

Solving for i yields 

i>3{p-l)-2N + £{w) > 2{p - 1) + p - 1 - N > 2(p - 1) + p - 1 - 27. 

Note that equality holds if and only if = £{w) — 27. 

Hence, i > 2{p — 1) for all primes except for 18 < p < 28, i.e., the primes p ^ 19 and p — 23. □ 

Theorem 5.2.2. Suppose $ is of type Ej and p > 19. 
(a) Ifp^ 19,23, then 

(i) ff (G(Fp), /c) = /or < i < 2]5 - 3; 

(ii) R^P-^{G{¥p),k)^0. 
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(b) Ifp = 19, then 

(i) (G(Fp), k) = OforO<i< 27; 

(ii) H2^(G(Fp),fc)^0. 

(c) Ifp = 23, then 

(i) ff (G(Fp), k) = Q forO<i< 39; 

(ii) H39(G(Fp),fc)^0. 

Proof. Part (a) follows from Lemma [5. 2. 1[ ProDOsition l2.4.1[ and Theorem 13.2.21 
For the proof of part (b), set p = 19. Part (i) follows from the proof of Lemma [5.2.11 Let Wi denote 
the subgroup of W generated by the simple reflections s^^, s^g and let w denote the distinguished repre- 
sentative of the left coset wqWi. Then £{w) — 27 and —w ■ equals the sum of all positive roots in $ that 
contain ay, which equals the weight ISwy. Let A = pcoj + w ■ = ujj. Using the same argument as for Eq, 
we obtain h2^(Gi, iJ°(A))(-i) ^ H°{X) and hence lf''{G,H°{X) (g) H^{X*Y'^'>) ^ k. Again A is the smallest 
dominant weight in its linkage class and the assertion follows from the remarks in Section [2.51 

For part (c), set p = 23. If (G,iJ°(A) (g> H°{\*)^^'>) =^ for i < 43 = 2p - 3 and A G X{T)+, then 
A = 23^7 + w ■ Q for some w G W. From the proof of Lemma [5.2.11 one can see that i > 39. One can 
explicitly, with the aid of MAGMA, identify all w G such that A G X{T)+ and A — wy lies in the positive 
root lattice. By considering the number of copies of ay appearing in X — ujj (as in the proof of Lemma l5.2.1l) . 
one can identify the least k such that A — is a weight in S''{u*), and hence the least possible value of i. 
The four weights which can give a value of i < 43 are listed in the following table along with the minimum 
possible value of k. 



X 


£{w) 


k 


i = 2k + e{w) 




24 


9 


42 


5CJ7 + W3 


25 


8 


41 


5ll>j + uji 


26 


7 


40 


5lu7 


27 


6 


39 



For these weights, one can use MAGMA to explicitly compute 

^ (_!/(«) P,,(^. A -a;r) 
uew 

in order to apply Proposition 12. 7.11 For A — 5uJr, one finds that in fact 

dimH39(G,i/°(A) ® i/°(A*)(i)) = J2 • A - = 1. 

Since there are no weights less than A which can give cohomology in degree 40, H'^^(G(Fp), k) ^ 0. □ 
We next consider the situation for arbitrary r. 

Theorem 5.2.3. Suppose $ is of type Ej and p > 19. 

(a) Ifp ^ 19,23, then 

(i) (G(Fg), k) = OforO<i< r{2p - 3); 

(ii) H'-(2f-3)(G(F,),fc)^0. 

(b) Ifp= 19, then 

(i) ff (G(F,), k)^OforO<i< 27r; 

(ii) H27'-(G(F,),fc)^0. 

(c) Ifp = 23, then 

(i) ff (G(F,), k)^OforO<i< 39r; 

(ii) H39'-(G(F,),fc)^0. 

Proof. The validity of part (a)(ii) follows from Theorem 13.2.21 For part (a)(i), we need to show that 
ff (G,i70(A) ® i?" (A* )('■)) = for all dominant weights A and all < i < r(2p — 3). An argument similar to 
that in the proof of Theorem 15.1.31 works here as well. The root lattice Z<i> has two cosets within X(T): Z(f> 
and {ujj + Z<1>}. If A is a weight in the root lattice claim (a)(i) follows from Lemma l3.2.ir a'). 
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Consider then the case that A 6 {wy + Z$} and apply Proposition 12.8.21 As before, one finds that each 
6j 6 {w7 + Z$}. Further, if we let N{'y) denote the coefficient of aj, when 7 is expressed as a sum of simple 
roots, then we again conclude that 

r 

*>^((2p-2)iV(,5,)"iV(-u,-0)). 

Here, since cjy = ai H h fay, we have N{6j) > |. Furthermore, there are 27 positive roots which contain 

an ar, and so N{~Uj ■ 0) < 27. Therefore, we get 

i > r Q(2p- 2) - 27^ = r (2p - 3 + p - 27) . 

For p > 27, we have i > r{2p — 3) as needed, which completes part (a). 

For p = 19 and p = 23, we conclude only that i > 27r 01 i > 39r, respectively, which gives parts (b)(i) 
and (c)(i). Parts (b)(ii) and (c)(ii) again follows inductively from the r — 1 case by the spectral sequence 
argument in Theorem 13.2.21 and Theorem 14.5.21 □ 

5.3. Type Eg. Assume for this subsection that $ is of type Es with p > h = 30 (so p > 31). Here the 
weight lattice and root lattice always coincide. From Corollar v 13 . 3 . 1 1 we obtain the following. 

Theorem 5.3.1. Suppose $ is of type E^ and p > 31. Then 

(a) ff (G(Fg), k)=OforO<i< r{2p - 3); 

(b) H''(2p-3)(G(F,),fc) ^0. 



6. Type S„, n > 3 

Assume throughout this section that $ is of type i3„, n > 3, and that p > h = 2n. Note that type B2 
is equivalent to type C2 which was discussed in BNPj. However, for certain inductive arguments, at points 
we will allow n — 1,2. Following Section 2, our goal is to find the least i > such that H*(G, i/'^(A) 
i/°(A*)'^^') ^ for some A. From Proposition l2.8.1[ we know that i> p — 2. 

6.1. Restrictions. Suppose that ff (G, 7?°(A) ® i7"(A*)(i)) ^ for some i > and A = pfi + wOwith 
fi G X{T)+ and w G W. In this case, the longest root a = Ld2- From Proposition l2.8.11 i > {p — 1)(m, ci^) — 1- 
For a fundamental dominant weight coj , 



if j ^l,n 

if 2 < j < n - 1. 



Therefore, if ^ a;i,a;„, we will have (/i, ct^) > 2 and i > 2p ~ 3. 

The following lemma shows that if n is sufficiently large, and A = pa;„ + w-0, then one also has i > 2p — 3. 
In fact strictly greater. 

Lemma 6.1.1. Suppose is of type Bn with n > 7 and p > 2n. Suppose A — pujn + w • G A'(r)+ with 
w & W and H*(G, H°{X) ® i/0(A*)(i)) ^ 0. Then i>2p-3. 

Proof. Following the discussion in Section [27fl A — a;„ = (p — l)w„ + w ■ must be a weight of S^{\x*) 
for j — Recall that 2a;„ ai + 2a2 + 3a3 + ■ • ■ + na„. Consider the decomposition of —w ■ into 

a sum of distinct positive roots (cf. Observation I2.2.1|) . Write l{w) — a + h + c where a is the number of 
positive roots in this decomposition which contain 2a„, h is the number of roots in this decomposition which 
contain a„, and c is the number of roots in this decomposition that do not contain q;„. Then A — a;„ contains 



p-l 



2a -h 



2 

copies of q;„. Since any root contains at most 2 copies of a„, we have 
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Replacing £{'w) hy a + b + c and simplifying gives 

I > 



The total number of positive roots which contain 2q;„ is n{n — l)/2. Hence, a < n{n — l)/2 and c > 0. So 
we have 

Finally, using the assumption that p > 2n + 1, one finds 

» > 2p + (- - 2j (2n + 1) - y = 2p + y - -n - 2. 
For n > 7, we have i > 2p — 2 as claimed. n 
For 3 < n < 6, the lemma is in fact false. These cases will be discussed in Sections 16.3 



6.2. The case of uji. In this section we investigate the case that A — puji + w ■ 0. Throughout this 
section $ is of type B^- In order to make use of some inductive arguments we allow n > 1. We will frequently 
switch between the bases consisting of the simple roots {ai, . . . , a„}, the fundamental weights {wi, . . . , aj„}, 
and the canonical basis {ei, . . . , e„} of M". Following |Hum| we have ai = — e^+i, for 1 < i < n — 1, and 
<Xn = £«• Note that ei = ao is the maximal short root. The fundamental weights are ujj ~ ei + ■ ■ ■ + e^, for 
^ ^ j < n — 1, and w„ = l/2(ei + • ■ • + In particular, wi = ei. 

Definition 6.2.1. For $ of type Bn, with rt > 1, we define 



P{m,k,j,n) := < 



'Euewi-^y^"''Pk{u ■ (mei + (ei + ■ ■ ■ + e,))) if m > 0, A; > 0, 

and 1 < j < n, 

1 ifm = — l,fc = 0, 

and j — 1, 

else; 



r dimHomG(y(mei + (ei + • • • + ej)),H°{G/B, S"=(u*)) (g) i?°(ei)) 
T(m, fc, j, n) := < if to > 0, /c > 0, and I < j < n, 

[o else. 

Note that for p > 2n, 

P(to, k,j, n) = dimHomG(y(TOei + (ei + ... + ej)),H"(G/B, S\u*))), 

which equals the multiphcity of H°{mei + (ei H h ej)) in a good filtration of H°{G/B, S^[u*)) (cf. (AJ) 

3.8]). In particular, P{m, k,j, n) > for all m, fc, j, and n. 

Lemma 6.2.2. Suppose $ is of type Bn with n > I and p > 2n. If m > 0, k > 0, and ^ < j < n, then 

(a) • ("^ei + (ei + - + - ei) = Pim - 1, k,j, n) + P{m, k,j-l,n- 1); 

(b) E„ew(-l)''"^^fe(^ • + ei) - Pim, k, 1, n) - P{m, k, 1, n - 1); 

(c) P{m, k, J, n) — whenever k < m + 1; 

(d) r(TO, k,j, n) = J2iZi P{m — 1, fc — i + 1, j, n) + Yld=i P{m, /c — i + l,j — l,n— 1) + P(m, k — n, j, n); 

(e) for n > 2 anrf 1 < j < n — 1, 

T{m, k,j, n) > P^m — 1, fc, j, n) + P{m^ k, j + 1, n) + P{m^ k, j — 1, n); 

(f) T{m, k, n, n) > P{m — 1, fc, n, n) + P{m, fc, n, n) + P{m, fc, n — 1, n); 

(g) /or ; > 0, P(2/, /c, 1, n) = P{21 -l,k-n, 1, n); 

(h) for I > 0, E„evK(-l)'^"^^fc(" • (2^ + + ^i) = ^(2^, fc - n, 1, n). 
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Proof, (a) P{m - = EneVF(-l)^*"'-Pfc(^ ' (("^ - + (ei + • ■ • + ej)))- The expression 

u • ((m — l)ei + (ei + ■ • • + Cj)) — u{{m — l)ei + (ei + • • • + Cj)) + u ■ will be a sum of positive roots only 
if either u(ei) = ei or u(e2) = ei- If u is of the second type, then usa^ stabilizes ei. Setting v = usai, one 
obtains 

P{m-l,k,j,n) = ^ (_i)^(«)p,(^,.((,„_l)e^ + (£^ + ... + e^.))) 

{uGW|«(ei)=ei} 

+ E (-l)'("'P/c(«-((m-l)ei + (ei + ••• + £,))) 

{MeW|«(e2)=ci} 
_^(_l)^Hp,(„.(^e2 + (62 + ---+6,))). 

vew 

The second term is just P{m, fc, j — 1, n — 1) as claimed. Note that the formula also holds for m — 0. 

(b) The expression X]«gvv(~1)^^"''^'£('" ' "^^i + ^i) '^iU be a sum of positive roots only if either u(ei) — ei 
or u{e2) — ei- Arguing as above one obtains 

^(_l)^(«)p,(„.™ei+ei) = E (-l)'("^Pfe(«-mei + ei) 

«eW {MGW|u(ei)=ei} 

{ueW|ti(e2)=ei} 

The first term is P{m, k, 1, n) and the second term is just P(jn, k,l,n — 1). 

(c) Assume that < k < m + 1. Part (a) implies that 

P(m, fc, < E (-l)''"^^fe(" • ((m + + (ei + • • • + Ej)) - ^i)- 

Note that u • ((to + l)ei + (ei + • • • + e^)) — ei is a sum of positive roots if and only if u{ei) = ei. If u(ei) = ci 
then u • ((to + l)ei + (ei + • • ■ + e^)) — ei ~ (m + l)ei + u ■ {e2 + ■ ■ ■ + Cj) and —u • (e2 + • • • + Cj), written 
as a sum of simple roots, contains no ai. However, (m + l)ei, written as a sum of simple roots, contains 
exactly to + 1 copies of ai. Each positive root of $ contains at most one copy of ai. Therefore at least 
TO + 1 positive roots are needed to obtain the weight u ■ ((m + l)ei + (ei + • • • + ej)) — t\. One concludes 
that Pfe(w • ((to + l)ei + (ei + • • ■ + Cj)) — ei) = and the assertion follows. 

(d) For a simple root a, let P^ denote the minimal parabolic subgroup corresponding to a, and let Uq, 
denote the Lie algebra of the unipotent radical of Pa ■ From the short exact sequence 

0->q;->u*->u*->0 

one obtains the Koszul resolution 

^ 5''^-^(u*) S^{\x*) S''^«) ^ 0. 

Tensoring with a weight /i yields 

-> S^~^{\x*) ®a®ii^ S^{vi*) /X ^ 5*^(0 ^ 0. 
Induction from B to G yields the long exact sequence 

(6.2.1) > W{G/B, S''-\u*) ® a (g) Ai) ^ H'{G/B, S''{u*) ® fi) H\G/B, 5'=«) /i) ^ • • • . 

We apply (j6.2.ip with a ~ aj ~ ej — ej+i and fi — — Cj, where 1 < j < — 1, giving 

(6.2.2) > H\G/B, S^-^iu*) ® -e^+i) ^ H\G/B, S^u*) -e^) -> W{G/B, S''=^«) ® -e^) ^ • • • . 
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Note that, (— ej,aj) = —1, forces H^{Pa/B, — e^) = for all i. The spectral sequence 

yields H''{G/B, S''{u*^) <g) -e^) = for all i. Therefore, from (HXU, one obtains for 1 < j < n - 1 and i > 

(6.2.3) H\G/B, S''-^{u*) ® -e^+i) 9i H'{G/B, S''(u*) (E) -ej). 
Iterating this process yields 

(6.2.4) H\G/B, S'^iu*) ® -e,) ^ W{G/B, 5'^-"+*(u*) ® -e„). 

Note that if fc < n — i, the right hand side is identically zero, and the isomorphism still holds. 
Next we apply (j6.2.ip with a = q;„ = e„ and = — e„ in order to obtain 

(6.2.5) > H\G/B, S^~\u*)) ^ H\G/B, S*'{u*) ® -e„) H\G/B, S^{ul) ® -e„) ^ ■ • ■ . 

Here (— e„,a^) ~ —2. Using the spectral sequence as above, one obtains 

2 g^ W{G/B, S\ul) ® -e„) - W-\G/P^, S''{nl)) ® H\P^/B, -e„) 

=i/'-i(G/P<„^'«)) =i?'-i(G/i?,5'=«)). 

Since H°{G/B, S'''«) ® -e„) = 0, one obtains via by ((6T5)) . 

(6.2.7) H^\G/B, S''-\u*)) ^ H\G/B, S^{v.*) ® -e„). 
From H\G/B,S^{u*)) = for i > 1, using one concludes 

(6.2.8) W{G/B, S''{u*) (E) -e„) = W-\G/B, S''=«)) for i > 1. 
Next, we apply (|6.2.ip with a = = e„ and /i = in order to obtain 

(6.2.9) > H\G/B, S''-\u*) E) e„) ^ H\G/B, S''{u*)) ^ H'{G/B, S''{ul)) ^ • • • . 

From W{G/B, S''{u*)) = and H'{G/B, S''{u*) e„) = for i > 1 [KLTl 2.8], one concludes 

(6.2.10) ^ H°{G/B, 5'=-i(u*) e„) ^ H°{G/B, S''{u*)) H°{G/B, S''{ul)) 0, 
and 

(6.2.11) W{G/B, S''{u*) (E) -e„) ^ H'-^{G/B, S''{u*^)) = for i > 2. 
Similarly, apply (|6.2.ip with a ^ aj — ^j-i — and fi — e^, where 2 < j < n, to obtain 

> W{G/B, S''-\u*) ® ej_i) H\G/B, S^{u*) ® e^) H\G/B, 5'=«) ® e,) ^ ■ ■ ■ . 

As before this yields 

(6.2.12) H\G/B, S''-\vi') ® e^-i) H\G/B, S''{u*) E) €j). 
Iterating this process results in 

(6.2.13) W{G/B, S''-'+^{u*) (E) ei) ~ H'{G/B, S''{u*) E> e,). 

Again, this isomorphism holds even if fc < i — 1 (when the left side is identically zero). 
For any finite i?- module M, we denote its Euler characteristic by 

x(M)=^(-l)Vhi?XG/S,Af). 

i>0 
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From the above, one obtains 



Ti n 

= ^x(^'=-'+^(u*)®ei)+x(^'(u*))+5]x(5'-'+'(u*)®-6„) (bymma) 

n 

= "^chH°{G/B,S''-'+\u*)(E,ei) + chH°{G/B,S\u*)) (hv [KLTl 2.8]) 

1=1 

+ ^chi/°(G/S,5'=-^+i(u*) ® -e„) - ^ch i7i(G/B, 5'=-'+i(u*) ® -e„) 

1=1 i=l 

(bylmiismi) 

n 

= ^chi7"(G/B,5'=-'+i(u*)®ei)+chi/0(G/B,5'^(u*)) 



-^chH0(G/S,5''^-*(u*)) + ^chi/0(G/S,5''^^*-"+i(u*)®ei) 
j=i 1=1 



i=i 

2n 

= ^chi7°(G/S,5'=-'+i(u*)®ei) + chH''(G/B,5'=-"(u*)). 

1=1 

The last equaUty yields 

T{m,k,j,n) = dim Home (V^(mei + (ei + • • • + e^)), i7°(G/S, S''=(u*)) ® i/°(ei)) 

2n 

= ^dimHomG(y(mei + (ei + • • • + e.j)),H''{G/B, S'^-'+Hu*) ® ei)) 

2=1 

+ dimHomG(V(TOei + (ei + • • • + ej)),H°{G/B, 5'*'-"(u*)). 

The assertion follows now from part (a), 
(e) A direct computation shows that 

ch(y(mei + (ei + h Cj)) <E) V{ei)) = chy((TO - l)ei + (ei H h Ej)) 

+ chV{mei + (ei H h fij+i)) + ch ^(TOei + (ei H hej-i)) 

+ ch y ((m + l)ei + (ei + ■ • ■ + ej)) + ch F((m - l)ei + (ei + ea) + (ei + • ■ • + 6^)). 

It follows that 

T(m, fc, J, n) ^ dimHomG(V(mei + (ei + • ■ • + e^)), H"{G/B, S''{u*)) ® i/°(ei)) 
= dim Home (V^(mei + (ei + • ■ • + e^-)) ® F(ei)), ^^"(G/S, S\u*))) 
> P{m — 1, fc, J, n) + P{m, k,j + l,n) + P{m, k,j — 1, n), 

as claimed. 

Part (f) follows in similar fashion. 

(g) It is well-known that, for to > 2, ch(i/°(TOCJi)) is equal to the difference of the TOth and the (m — 2)nd 
symmetric power of the natural representation. The natural representation has one-dimensional weight spaces 
and includes the zero weight space. One concludes that the dimension of the zero weight space of the 2Zth 
symmetric power equals the dimension of the zero weight space of the (21 -f l)st symmetric power. The same 
is true for the pair H"{21lji) and H°{{21 + It follows from Kostant's Theorem [Hurnl 24.2] that 

(6.2.14) P{21 - 1, fc, l,n) = Y^ P{21, fc, l,n). 

k>0 k>a 



22 



CHRISTOPHER P. BENDEL, DANIEL K. NAKANO, AND CORNELIUS PILLEN 



From (|6.2.10l) and (|6.2.13p one obtains 

^ H^{G/B, 5'=-"(u*) ei) ^ H°{G/B, S''{u*)) H°{G/B, S''{u*^J) 0. 
All three modules have good filtrations. Moreover, by part (i) 

dimHomG(V^(2Zei +ei),ijO(G/B,S''=""(u*) ® ei)) = P{21 - l,k-n,l,n). Hence for / > 

P(2Z,fc, l,n) ^ P{21 - l,fc-n,l,n) +dmrHomG(V^(2/ei +ei),iJ°(G/B,S'''«J)). 
Summing over all fc > yields 

J2 PC^l - 1, k, l,n) = J2 Pi^l^ k, 1, n) + ^ dimHomG(l^(2ki + ei)),H°{G/B, S\ulJ)). 

fc>0 k>a k>0 

Comparing with ()6.2.14ll yields dimHomG(F(2Zei + ei), i?°(G/B, S'^K J)) 0, which forces P(2Z, fc, 1, n) = 
P(2; - 1, fe - n, 1, n), for ah fc > 0. 

(h) Following [SI 3.8], the muhiplicity of chy(2;ei + ei) in x('5'''(u*) •» -ei) equals 

uew 

Moreover, by (|6. 2.111) and 

x{S''{u*) ® -ei) = chH"{G/B, S''{u*) ® -ei) - chH\G/B, S''{u*) -ei)). 
In addition, from (j^XS)) and dHH), the vanishing of HomG(V"(2;ei + ci) , H° {G / B , S'' {ulj)) forces the 
vanishing of HomG(F(2Zei + ei), H^G/B, S''{u*) (g) -ei)), for ah k. Hence, E«ew(-l)^^'"^^fe(" " ((2^ + 
l)ei) + ei) = dimHomG(F(2/ei + ei),iJ°(G/B,S''^(u*)®-ei)), which equals P{2l,k-n,l,n) by (I^Tl) and 
(l6T7t . □ 

Proposition 6.2.3. Suppose $ is of type B„ wi^/i n > 1 andp > 2n. For m > 0, k > 0, and 1 < j < n, 
define 

I + if j is odd and m is odd, 

TO + I if j is even and to is even, 

TO + 1 + ^"2"-'' if j is even and to is odd, 



(6.2.15) t{m,j,n) 



TO + 1 + ^" J — - if j is odd and to is even. 



2 

Then P{m,k,j,n) — whenever k < t{m,j,n). 

Proof. By Lemma r6.2.2f c). P{m, k,j,n) = if fc < to + 1. We will prove the slightly stronger statement 
in the proposition inductively. To do so, we make some general observations. Define 

2n 2n 

T'{m, k,j, n) — P{m — l,k — i + l,j,n) + P{m, fc — i + 1, j — 1, n — 1) + P{m, k — n, j, n). 

i=2 i=l 

Observe that by Lemma [6?2]2ljd), T' {m, k, j,n) — T{m,k, j,n). Note further that if r is the smallest value 
of k for which T'{m, k, j, n) ^ 0, then P(m — l,r — n) + P{m, r, j — 1, n — 1) + P{m, r — n,j, n) ^ 0. 

Suppose that P(rn — l,k,j,n) = whenever k < t[m — 1, j, n) and that P{vi, k, j — l,n — l) — whenever 
k < t{m,j — l,n — 1), then one could conclude that 

(6.2.16) T'('m, k, j, n) ~ whenever k < min{t(TO — 1, j, n) + 1, t{m,j — 1, n — 1), to + 1 + n}. 
Moreover, parts (d) and (c) of Lemma [6.2.21 would imply that, for 2 < j < ?i — 1, 

(6.2.17) P{in, k,j + l,n) + P{in, k,j — 1, n) — whenever T'{m, k,j, n) = 0, 
and from Lemma l6.2.2[ f) 

(6.2.18) P{m, k, n, n) + P{m, k,n ~ \,n) — Q whenever T'irn, k, n, n) = 0. 

In order to prove the proposition, we will use induction on n and or j. If n = 1 the claim follows from 
part (c) of Lemma 16.2.21 Moreover, parts (c) and (d) of the Lemma 16.2.21 imply that the claim holds for 
j — I and n > 1. 

Step 1: Here we will show that P{m,k,j,n) — 0, whenever k < t{m,j,n) and m + j is odd. We will use 
induction on j . 
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Assumption: P{m, k, I, n) = 0, whenever k < t{m, I, n), m + / is odd, and I < j. 

Suppose that m + j + I is odd. Then m + j — 1 is also odd and the induction assumption imphes that 
(|6.2.16p holds. Together with (|6.2.17p one obtains 

P(m, fc, J + 1, n) = whenever k < min{t(m — 1, j, n) + 1, t{m,j — — l),m + l + n}. 

It suffices therefore to verify that 

(6.2.19) t(m,j + 1, n) < min{t(m — 1, j, n) + 1, t{m,j — — l),m + l + n}. 

From (|6.2.15P it follows that 

, 1 , 2n-(j+l)-l , ,-.„.. , . 

m + i H ^=^2 — — = rn + n — ^ ii J is even and m is even, 



t{m,j + = 
while 

- l,j,n) + 1 

and 



2 , ,v 2 

m + 1 + ^""2''''"^^ = m + n — if j is odd and m is odd. 



m 



^" ^ + 1 = m + n — ^ + 1 if J is even and m is even, 



m + '^"^^^^ + 1 = rn + n — if j is odd and m is odd. 



m + 1 H J — - — = TO + 7T. — ^ iijis even and m is even, 



t(m, J — 1, n — 1) = < 9ri-2-(7-i) 1-1 

I m + 1 + 2^ — ^ — m + n — if j is odd and m is odd. 

Inequality (j6.2.19l) indeed holds and Step 1 is complete. 

Step 2: Here we will show that P^m, k, n, n) — 0, whenever k < t{in, n, n) and m + n is even. 

Suppose that m + n is even. Step 1 implies that (|6.2.16p holds for j = n. Together with (|6.2.18p one 
obtains 

P(m, k, n,n) — whenever k < min{i(m — 1, n, n) + 1, t(m, n — 1, n — 1), m + 1 + n}. 
It sufhces therefore to verify that 

t(m, n, n) < min{t(m — 1, n, n) + 1, t{m, n — l,n — 1),to + 1 + n}. 

This can easily be done by looking at (|6.2.15p . It is left to the interested reader. 

Step 3: Here we will show that P(m, n) — whenever k < t{m,j,n) and m + j is even. We use 
induction on n and on j. For j we work in decreasing order. The case j = n was settled above. 

Assumption: We assume that P{m,k,l,n — 1) = whenever k < 1(111, 1, n — 1). In addition, we assume 
that P{m, k, l,n) = whenever k < t{m, I, n), m + Z is even, and I > j. 

Suppose that m + j — 1 is even. The induction assumptions imply that (|6.2.16p holds. By (16.2. 17p one 
obtains 

P(m, k,j — 1, n) = whenever k < min{t(TO — 1, j, n) + 1, t{m, j — 1, n — 1), m + 1 + n}. 
It suffices therefore to verify that 

(6.2.20) ti'nT'jj — 1, n) < mm{t{'m — 1, j, n) + 1, t{m, j — — l),m + l + n}. 

From (|6.2.15p one obtains: 

m + ^-Y- if j is odd and m is even, 
m + I if i is even and m is odd. 



t{m, j ~ l,n) ~ 
while 

t{m — 1, J, n) + 1 = 

and 

i(m,j - l,n - 1) 
This proves inequality (|6.2.20p . 



m + !- + 1 if j is odd and m is even, 
m + I if j is even and m is odd, 

J m + if J is odd and m is even, 

1 m + I if J is even and m is odd. 



Theorem 6.2.4. Suppose $ is of type i?„ with n > 2. Assume that p > 2n. Let X = puji + w ■ be a 
dominant weight. Then 
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and 



(a) E\G,H°{X) «) ff°(A)(i)) = /or < i < 2p - 2, whenever £{w) is even; 

(b) H'(G,i?°(A) (g) iJO(A)(i)) = /or < i < 2p - 3, whenever £{w) is odd; 

(c) R^P~^G{¥p),k)^0. 

Proof. The set of dominant weights of the form A — puji + w • 0, written in the e-basis, are 
{p - £{w) - l)ei + (ei + • • • + e<!(»)+i), with < £{w) < n - 1, 

{p - t{w) - l)ei + (ei H h e2n-i(w)), with n < £{w) <2n-l. 

Using Proposition 16.2.31 and Lemma I6.2.2f a') , a direct computation shows that 

^ . ((p _ li^yj) _ + (e^ + . . . + e,(^)+i)) - ei) = whenever fc < 



where 



and 



where 



1)-^ 



for < ^(w) < n — 1 and £{w) even, 
for < £{w) < 71 - 1 and £{w) odd, 



new 



(_l)^(")p^,(u . ((p _ ^(u;) _ + (g^ + .... + e2n-i{w))) - ei) = whenever fc < t. 



for 71 < ^(ly) < 271 — 1 and £{w) even, 

- 1) - ^^^^^ for 71 < £(7«) < 271 - 1 and £(w) odd. 

Parts (a) and (b) follow from Proposition 12. 7.1] Note that i — 2k + £{w). 

Let A be the lowest dominant weight of the form pui + w - 0. Then A = (p — 27i + l)ei and £{w) = 2n—l. 
We will show that 



(6.2.21) 



uew 



(-l)^(")Pp_„_i(ii • {{p -2n+ - ei) ^ 0. 



By Lemma I6.2.2f a) this is equivalent to showing that P(p — 2n — l,p — n — 1, l,ri) is not zero. Lemma 
EZ^b) and (h) imply that 

(6.2.22) P{21 + 1, k, 1, 7i) = P{21, k-n,l,n) + P{21 + 1, fc, 1, ri - 1). 

Note that (|6.2.22l) also holds for I = -1. Obviously P{21 - 1, 21, 1, 1) = 1. It follows inductively from (|6.2.22p 
that P{2l-\,2l, l,7i) ^ 0, for ah ri > 0, / > 0. From Lemma lO^ g) one obtains now that P(2;, 2^ + 71, 1, n) ^ 
0. Setting 2^ = p - 27i - 1 yields P{p ~ 2n - l,p - n - l,l,n) / 0. Hence, (|6.2.2ip holds. In Proposition 
\T7A[ i ^ 2k~ £{w) = 2(p - 71 - 1) + 271 - 1 = 2p - 3 and one obtains n^^^^ [G , H° [X) ® i/0(A)(i)) ^ 0. 
The weight A is the lowest non-zero weight in its linkage class. Part (c) of the theorem follows now from the 
discussion after Theorem 12.5. II □ 

6.3. Type ^3. Let <I> be of type with p > h = 6 (so p > 7). From the discussion in Section [Ql and 
Theorem in order to have ff (G, £r°(A)(g)iJ°(A*)(i)) ^ for < i < 2p-3, we must have A ^ puj3 + w0 
for w e W. With the aid of MAGMA [BCl [BCP] or other software, one can explicitly compute all w ■ 
and determine which resulting A are dominant. Further, A — must be a weight of S 2 (u*). By direct 
computation, one can determine the least possible value of k for which A — W3 can be a weight of 5''^(u*). 
The following table summarizes the weights which can give a value of 7 < 2p — 6. 



A = pLu^ + w ■ 


£{w) 


k 


i = 2k + i{w) 


{p - 6)^3 + 2uj2 


3 


p — 5 


2p-7 


{p - 6)UJ3 + Wi 


5 


p — 6 


2p-7 


{p - 6)a;3 


6 


p-7 


2p-8 



Lemma 6.3.1. Suppose that $ is of type B3 with p > 7. Let X — pfi 
and w d W . 

(a) ff (G, H°{X) ® i?0(A*)(i)) = /or < i < 2p - 8. 

(b) //H2p-8(G,iJ0(A)cg)i?0(A*)(i)) 7^0, then X^ {p-6)uj3. 



e X{T)+ with fi e X{T)+ 
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(c) H"f-«(G,ilO((p-6V3)'^if°((p-6K)W) = k. 

(d) //H2p-^(G,i70(A) ® H"(A*)(i)) ^ 0, thenX^ (p - 6)^3 + or A = (p - 6V3 + 2^3. 

(e) \l^P-\G{¥p),k)^k. 

Proof. Parts (a), (b), and (d) follow from the discussion preceding the lemma. Part (c) follows from 
Proposition 12.7.11 and Lemma 16.3.31 below with m = p — 7. Since the weights in part (d) are larger than 
{p — 6)a;3, by Theorem 12. 5. II and Theorem 16. 2. 4[ we obtain part (e). □ 

Remark 6.3.2. The weights in part (d) also appear to give cohomology classes as verified for p = 7, 11, 13 
by computer. For p = 7, A = (p — 6)w3 + uji gives a one-dimensional cohomology group. But for p = 11, 13, 
one gets a two-dimensional cohomology group. For all three primes, the weight A = (p — 6)a;3 + 2^2 gives a 
one-dimensional cohomology group. 

Lemma 6.3.3. Suppose that $ is of type B^. Let m > be an even integer. Then 

E • (("^ + 1)^3) - ^3) = 1. 

uew 

Proof. Let n be such that m — 2n. For n = 0, the claim readily follows, so we assume that n > iQ 
We work with the epsilon basis for the root system. Then the positive roots are ei, 62, 63, ei + €2, ei -f £3, 
£2 + £3, £1 ^ £2, Ci — £3, and £2 — £3. Further UJ3 = i(£i + £2 + £3). Relative to the e basis, for any u € W, 
u{ei) = zLej. That is, u permutes the £i up to a sign. 

For u € W, set Xu ■= u ■ {{m + 1)^3) — oj^. Using the fact that 2p = 5ei + 3£2 + £3, one finds that 

(6.3.1) Xu = u{{n + 3)£i + (n + 2)£2 + {n+ l)^^) - 3£i - 2£2 - £1. 

By direct calculation, one can identify all u £ W for which Xu is a positive root. There are twelve such 
elements which are summarized in the following table (using permutation notation) along with the parity 
of their lengths. An element marked with a superscript negative sign denotes the operation which consists 
of the given permutation of the £iS followed by sending £3 to —£3. For example, let u — (123)^. Then 
w(ei) = £2, u{e2) = -£3, and ^(£3) = £1. 



u 


(1) 


(12) 


(13) 


(23) 


(123) 


(132) 


(1)~ 


(12)- 


(13)- 


(23)- 


(123)- 


(132)- 


eiu) 


even 


odd 


odd 


odd 


even 


even 


odd 


even 


even 


even 


odd 


odd 



For these twelve u, using (|6.3.1|) . one can explicitly compute Xu- The values are summarized in the 
following table. Recall that m = 2n. For small values of n, some of these cannot be sums of positive roots. 
The necessary condition on n is given in the third column. 



u 


Xu := u- ((to -I- 1)^3) - W3 


positive root sum 


(1) 


nei + n£2 + n£3 


n>l 


(12) 


{n - l)£i + {n + 1)£2 + n£3 


n>l 


(13) 


{n ~ 2)£i + n£2 + (n + 2)e3 


n>2 


(23) 


nei + (n - 1)£2 + {n + 1)63 


n>l 


(123) 


{n -~ 2)£i + {n+ 1)£2 + (n + 1)£3 


n>2 


(132) 


{n - l)£i + {n- 1)£2 + {n + 2)e3 


n>l 




nei + ne2 - (n + 2)£3 


n>2 


(12)- 


(n - l)£i + {n+ 1)£2 -{n + 2)e3 


n>2 


(13)- 


{n - 2)£i +n£2 - (nH- 4)£3 


n > 6 


(23)- 


71£l + (n - 1)£2 - {n + 3)£3 


n > 4 


(123)- 


(n - 2)£i + {n+ 1)£2 -in + 3)£3 


n > 4 


(132)- 


(n - l)£i + {n- 1)£2 -{n + 4)£3 


n > 6 



We need to compute the appropriate alternating sum of the values of P2n{xu) for these twelve values 
of u. We show below that there are four pairs of us for which the lengths have opposite parity and the 
values of P2nixu) are the same. Hence those cancel each other out. We will further show that there is also 



Indeed, for small values of n the claim can be verified by hand, and it has been verified for n < 6 using MAGMA. 
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a relationship between the remaining partition functions that will lead to the desired claim. To see these 
relationships, we make a few observations whose proofs are left to the interested reader. 

Observation 6.3.4. Let x = aiei + 0262 + 0363 with 01+02 + 03 = 3n. Suppose that x is expressed as 
a sum of 2n positive roots. 

(a) At least n of the roots have the form e; + Cj (not necessarily all the same) . 

(b) For any pair i,j G {1,2,3} (with i ^ j), if a,; + aj = 2n + c, then the root sum decomposition 
contains at least c copies of + Cj . 

Observation 6.3.5. Let x — aiei + 0262 — 0363 with 1 < oi, 02 < 03 and 01+03 > 2n. Suppose that x 
is expressed as a sum of 2n positive roots. Then at least one of the roots is Ci — £3 and at least one is £2 — £3. 

We now identify the four pairs (of opposite parity) where P27i{xu) is the same. 
Case 1. (13) and (132). 

If n = 1, as noted above, a;(i3) = — £1 + £2 + 3£3 cannot be expressed as a sum of positive roots. On the 
other hand, a;(i23) = 3£3 can be. However, it cannot be expressed as a sum of 2n — 2 positive roots. So we 
assume n > 2. If 2^(13) is expressed as a sum of 2n positive roots, by Observation 16. 3!4r b'). at least one of 
the roots is £2 + £3 (in fact, at least two). Hence, P2n(2:(i3)) = P2n-i(a;(i3) — (£2 + £3)) = P2n-i{{n — 2)ei + 
{n — 1)£2 + (n + 1)£3). Similarly, if a;(i32) is expressed as a sum of 2?! positive roots, at least one of the roots 
is £1 + £3 (and one is £2 + £3). Hence, P2n(a:(i32)) = P2n~i{{n - 2)ei + (n - 1)£2 + (n + 1)£3) = P2ri(2:(i3)). 

For the remaining three pairs, if n is not sufficiently large for a;„ to admit a positive root sum decompo- 
sition, then P2n{xu) = in both cases. So we assume in what follows that n is sufficiently large to admit a 
root sum decomposition. 

Case 2. (1)" and (12)". 

If 2^(1)- is expressed as a sum of 2n positive roots, by Observation 16.3.51 at least one of the roots is 
£1 — £3. Hence, removing this root, P2n(2;(i)-) = P2n-i{{'n — l)£i + n£2 — (n + 1)£3). Similarly, again by 
Observation [6331 if 2:^(12)- is expressed as a sum of 2n positive roots, then at least one of the roots is £2 — £3. 
Hence, P2„(a:(i2)-) = P2n-i{{n - + ne2 - {n + l)ez) = P2nix(i)-). 

Case 3. (13)" and (132)". 

Similar to Case 2, by removing an £2 — £3 for (13)^ and removing an £1 — £3 for (132)~, one finds that 

-P2n(a:(i2)-) = P2n-l((" ^ 2)£i + (ft - l)£2 - (?! + 3)£3) = Pjn (a:(i32) - ) . 

Case 4. (23)~ and (123)". 

Again, similar to Case 2 with a slight generalization of Observation 16.3.51 by removing two copies of 
£1 — £3 for (23)" and two copies of £2 — £3 for (123)", one finds that P2n{x(23)-) = P2n-2{{n — 2)£i + (n — 

1)£2 - (n + 1)£3) = P2n(a:(i23)- )■ 

From Cases 1-4, we have that 

(6.3.2) Yl (-l)'^"^^m(" • {{m + 1)^3) - <^z) = P2n{xil)) - P2„(a;(i2)) - P2„(a;(23)) + P2„(a;(i23))- 

We now deduce several relationships among the terms on the right hand side. If n = 1, only the first three 
terms can be non-zero, and one can readily check that the claim holds. So we assume that n>2. Note that 
the following argument does still hold even when n = 1. 

Consider the identity element (1). Write P2n{x[i)) = Mi + M2 + A/3 where AIi denotes the number of 
root sum decompositions which contain an £1 + £2, M2 denotes the number which contain an £1 + £3 but 
not an £1 + £2, and M3 denotes the number which contain neither an £1 + £2 nor an £1 + £3. For Mi, by 
assumption, the decomposition contains an £1 + £2. Removing this root gives 

(6.3.3) Ml = P2„-i ((n _ l)ei + (n - 1)£2 + n£3). 

For M2, by assumption, the decomposition contains an £1 + £3. Removing this root gives 

(6.3.4) M2 = P2*„_i((n - l)£i + n£2 + (n - 1)£3), 

where P* denotes the fact that we are only counting decompositions which contain no copies of £1 + £2. By 
assumption, AI3 is the number of root decompositions of n£i + n£2 + n£3 (into 2n positive roots) which do 
not contain an £1 + £2 nor an £1 + £3. By Observation [6331(a) , any such decomposition contains at least n 
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copies of 62 + £3. Removing those leaves nei which must be expressed as a sum of n positive roots without 
using ei + €2 nor ci+e^. There is clearly only one such decomposition (using n copies of ei). Hence, M3 — 1. 

Consider now the word (12). Write P2n{x(i2)) = Ni + N2 where Ni denotes the number of root sum 
decompositions which contain at least one copy of ei + £2 and N2 denotes the number which do not contain 
an ei + £2- In the first case, by removing an £1 + £2, we have 

(6.3.5) A^i = P2«-i((n - 2)£i + n£2 + ^£3). 

In the second case (as well as the first case), by Observation I6.3.4r b). any decomposition must include an 
£2 + £3. Removing that, we see that 

^2 = PL-iiin - l)£i + ne2 + {n- 1)63) = M2 

from (pXi)) . 

From O bser vat ion 1 6 . 3 ."^ b ) . by removing an £1 + £3, 

^2n(a;(23)) = P2n~l{{n ~ l)£l + (n - 1)£2 + ^£3) = Ml, 

where the second equality follows from (|6.3.3p . From Observation 16 .3 ."^ b) . by removing an £2 + £3, 

-P2n(a;(i23)) = P2n-i{{n - 2)£i + n£2 + nez) = Ni, 
where the second equality follows from (|6.3.5[ ^. 



From (|6.3.2p and the preceding relationships, we have 

(_l)^(«)p^(u . ((to + l)a;3) _ ^3) ^ P2n{x(i)) - P2n{x(i2)) " -f2n(a;(23)) + -P2n(a;(i23) 



Ml + M2 + M3 -N1-N2- P2n{X(2Z)) + P2n{X(i2Z)) 

Ml + M2 + l~ Ni~ M2 - Ml + TVi 



= 1 

as claimed. 



6.4. Type B^. Let $ be of type with p > h = 8 (so p > 11). As discussed in Section [6731 for type 
B3, in order to have ff (G,7?0(A) ® H°{X*)'-^'^) ^ fov < i < 2p - 3, we must have A = + w • for 
w € W. Again, by direct computation with MAGMA, the following table summarizes the weights which can 
give a value of i < 2p — 6. 



A = PLU4 + w • 


(.{w) 


k 


i = 2k + £{w) 


{p - 8)uji + 2lo2 


p-7 


7 


2p-7 


{p - 8)U}4 + UJl 


p-8 


9 


2p-7 


{p - 8)u!i 


p-9 


10 


2p-8 



Lemma 6.4.1. Suppose that $ is of type B4 with p > 11. Let X = pp + w ■ e X{T)+ with p e X{T)+ 
and w e W . 

(a) HXG,i?°(A)(8)i?0(A*)(i)) = forO <i <2p-8. 

(b) //H2p-8(G,ijO(A)®irO(A*)(i)) 7^0, then X = {p - 8)uj4. 

(c) R^P-\G, H°{{p - 8)uji) ® H°{{p - 8)c^|)(i)) - k. 

(d) //H2p-^(G,i?0(A) (8)H0(A*)(i)) ^ 0, then X ^ (p-8)w4 + wi or A = (p - 8)^4 + 2^2- 

(e) R^P'^iG{¥p),k) = k. 

Proof. Parts (a), (b), and (d) follow from the discussion preceding the lemma. Part (c) follows from 
Proposition 12.7.1] and Lemma [6.4.21 below with m = p — 9. Since the weights in part (d) are larger than 
{p — 8)014, by Theorem 12.5.11 and Theorem 16. 2. 4[ we obtain part (e). □ 



If n = 1, a;(i23) cannot be expressed as a sum of positive roots. However, in that case, TVi is necessarily zero, and so we 
still have P2n(a;{i23)) = ^i- 
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Lemma 6.4.2. Suppose that $ is of type B^. Let m >0 be an even integer. Then 

J2 • ((m + 1)0.4) - c^4) = 1. 

uew 

Proof. The arguments to follow are quite similar to those in the proof of Lemma [6.3.31 Let n be such 
that m — 2n. For n = 0, the claim readily follows, so we assume that n > 1. As with the proof of Lemma 
16.3.31 we work with the epsilon basis for the root system. Then the positive roots are ei, €2, £3, £4, £1 + £2, 
ei + £3, ei + £4, £2 + £3, ^2 + £4, £3 + £4, £1 - £2, £1 - £3, £1 - £4, £2 - £3, £2 - £4, and £3 - £4. Further 
UJ4 ~ i(£i + £2 + £3 + £4). Relative to the e basis, for any u G W, u{£i) = ±£j. That is, u permutes the £; 
up to a sign. 

For u G W, let Xu u- ((m + 1)0)4) ~ ^i- Using the fact that 2p — 7ei + 5£2 + 3£3 + £4, one finds that 

(6.4.1) Xu = u{{n + 4)£i + {n + 3)£2 + (n + 2)£3 + {n + 1)64) - 4£i - 3£2 - 2£3 - £1. 

By direct calculation, one finds that if u sends any ei to — £j (any j), then a;„ is either not expressible as a 
sum of positive roots or requires at least 2n + 1 roots to do so. Therefore, the only u that can contribute to 
the alternating sum under consideration are those u for which u{ei) = ej. That is, u is simply one of the 24 
permutations of the £iS. 

Let u € S4 C W. From (16.4.11) . one finds that Xu = ai£i +a2£2 + a3£3 + a4£4 where 01+02 + 03 + 04 = 4n. 
Since the positive roots are of the form ei, ei + £j, or ei — ej, for this to be expressed as a sum of 2n roots, 
each such root must be of the form £j + ej. That is the other two types of roots are not allowable. Similar 
to the arguments in the proof of Lemma l6.3.3[ one can further see the following. 

Observation 6.4.3. Suppose that oi£i + 02£2 + a3£3 + 04£4 is expressed as a sum of 2n positive roots 
where oi + 02 + 03 + 04 = -in. For any pair i, j G {1, 2, 3, 4} (with i ^ j), if Oi + aj = 2n + c, then the root 
sum decomposition contains at least c copies of ei + ej . 

Using Observation I6.4.3i by direct calculation, one can show that the 18 permutations u for which 
u(£i) ^ £1 can be separated into 9 pairs of opposite parity having equal values of P2nixu)- Hence the 
terms for those values of u cancel in the alternating sum. For example, consider the permutations (12) and 
(12)(43) of opposite parity. From (|6.4.ip . X(^i2-) = (n — l)ei + (n + 1)£2 + n£3 + ^£4. By Observation 16.4.31 a 
decomposition of X(j2.) must contain at least one copy of £2 + £3 (as well as a copy of £2 + £4). Subtracting 
that root shows that 

P2n{x{l2)) = ^2r^-l((f^ " l)£l + «£2 + (« - 1)£3 + "£4). 

On the other hand, a;(i2)(34) = (rt — l)£i + [n + 1)£2 + (rt — 1)£3 + (n + 1)£4. Here, X(i2)(34) must contain a 
copy of £2 + £4 (in fact, at least two copies). Subtracting this root gives 

-P2n(a;(12)(34)) = ^2n-l((?^ " l)£l + «£2 + {n ~ 1)£3 + n£4) = P2n{x(l2))- 

The eight other pairings (which may not be unique) are (13) with (13)(24); (14) with (14)(23); (123) with 
(1243); (132) with (1342); (124) with (1234); (142) with (1432); (134) with (1324); and (143) with (1423). 
We leave the details to the interested reader. 

That leaves the six values of u for which u{ei) = £i: (1), (23), (24), (34), (234), and (243). However, as 
above, one can show that -P2n (2^(24)) — ^2n (2^(243))- So those terms cancel as well and we are reduced to 

^ (_l)^(^')p^^(u . ((to + l)a;4) - UJ4) = P2n{x(l)) ~ P2n{x{2?,)) - P2n{x(Z4)) + P2n{x{2ZA))- 

From (|6.4.ip , we have X(x)— nt\ + rt£2 + ^£3 + n£4 . Write P2n (2^(1) ) — Mi + AI2 + M3 where Mi denotes 
the number of root sum decompositions which contain at least one copy of £2 + £3, M2 denotes the number 
which contain no copies of £2 + £3 but contain at least one copy of £1 + £2, and M3 denotes the number which 
contain neither an £2 + £3 nor an ei + £2. By assumption, subtracting a copy of £2 + £3, we have 

(6.4.2) Ml = P2n~i{nei + (n - 1)£2 + (n - 1)£3 + n£4). 
For M2, subtracting a copy of £1 + £2 gives 

(6.4.3) M2 = P;,,^i{{n - l)ei + {n - l)e2 + ^£3 + n£4), 

where the P* denotes the fact that the sum is only over those decompositions which do not contain a copy 
of £2 + £3. For M3, in order to get the n£2 appearing in X(^i^, there must be exactly n copies of £2 + £4. But 
then the remaining n factors must all be £1 + £3. In other words, M3 = 1. 
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From (16.4.11) . we have X(^23) = "^i + ~ 1)^2 + (n + l)e3 + ne4. Write P2n{x(23)) = Ni + N2 where Ni 
denotes the number of root sum decompositions which contain at least one copy of £2 + £3 and N2 denotes 
the number which contain no copies of £2 + £3- Subtracting a copy of £2 + £3, we have 

(6.4.4) TVi = P2n-i(n£i + [n - 2)£2 + n£3 + nei). 

For iV2, by Observation 16. 4."3l any decomposition of ^(23) contains at least one copy of £1 + £3 (as well as a 
copy of £3 + £4). Subtracting the £1 + £3 gives 

^2 = PL-iiin - l)£i + {n- 1)£2 + n£3 + n£4) = M2 

from (16X31) . 

From (j6.4.ip . we have 3:^(34) = ?i£i + n£2 + (n — l)£3 + (rt + l)£4. From Observation l6.4.3l any decomposition 
of a;(34) contains at least one copy of £2 + £4 (as well as a copy of £1 + £4). Subtracting the £2 + £4 gives 

P2nix(34)) = P2n-linei + (n - 1)£2 + (n - 1)£3 + ^£4) = Ml 

from ((6X2I) . 

From (|6.4.ip . we have ^(234) = nei + (n — 2)£2 + (n + 1)£3 + (n + 1)£4. From Observation 16.4.31 any 
decomposition of a;(234) contains at least one copy of £3 + £4 (in fact, at least two copies). Subtracting this 
gives 

-P2n(a;(234)) = P2n-i{nei + (n - 2)£2 + n£3 + ^£4) = A^i 

from (|6.4.4I) . 

In summary, we have 

(-l)^(")p„(u . ((m + l)a;4) - OJ4) = P2n{x(l)) - -P2n(a;(23)) - -P2n(a;(34)) + -P2n(a;(234)) 

^ Ml + M2 + Ah -N1-N2- P2n{x3i) + P2«(a;234) 

= Ml + Af2 + 1 - TVi - M2 - Ml + Ni 
= 1 

as claimed. □ 

6.5. Type B^. Let $ be of type B5 with p > h = IQ (so p > 11). As discussed in Section [6731 for type 
B3, in order to have H'(G, H°{X) H°{X*Y'^'>) 7^ for < i < 2p - 3, we must have A = pwg + w • for 
w GW. Specifically, substituting n = 5 into (|6.1.ip gives 

(6.5.1) ^>2p-P^. 
We obtain the following. 

Lemma 6.5.1. Suppose that $ is of type with p > 11. Let X — pco^ + w • G X(r)-|_ with w G W . 

(a) If p= 17 orp> 23, then ir{G, H°{X) (g) H°{X*)^^'>) ^ for < i < 2p - 3. 

(b) Suppose p= 11. Then 

(i) (G, H°{X) (g) ifO(A*)(i)) = 0for0<i<2p-7; 

(ii) iflpP-'^{G,H°{X)(g>H"{X*)^^'>) ^ 0, then X ^ (p - 10)^5 = ^5; 

(iii) H2p-7(G,i?0(a.5) (g> H°{l,;)(^'>) = k; 

(iv) i/H2f-6(G,i?0(A)(gi7°(A*)(i)) ^0, then X = Loi + Lo--, or A = 2^2+^5; 

(v) H2p-6(G,i?0(A) ® i/0(A*)(i)) for X = uji+Lo^ or X = 2^2 + u^; 

(vi) H2p-7(G(Fp),A;)-fc. 

(c) Suppose p ^ 13. Then 

(i) ff (G, ifO(A) (g) i/0(A*)(i)) = /or < i < 2p - 5; 

(ii) i/tff-^(G,i?°(A) (g)i?°(A*)(i)) 7^ 0, then X = (p - 10)^5 = 3lo^; 

(iii) H2p-5(G,i?"(3w5) ® ff°(3^)(i)) = k; 

(iv) z/H2f-4(G,770(A)®i70(A*)(i)) ^0, f/ien A = cji + 3a;5 or A = 2^2 + 3a;5; 

(v) dimH2p-4(G, i70(A) ® i70(A*)(i)) = 2 /or A = cji + 3a;5; 

(vi) H2p-4(G,i70(A) ® i/0(A*)(i)) ^kforX = 2^2 + 3^5/ 

(vii) B:^P-^G{¥p),k) ^ k. 

(d) Suppose p ~ 19. T/ien 
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(i) ff (G, H°{X) ® i?0(A*)(i)) = forO <i <2p-3; 

(ii) if}i^P'^{G,H"{X)(g)H°{X*Y^'>)^0, then {p-10)u5^9uj5; 

(iii) dimH2P-3(G,i?0(9w5) ® ^f°(9c^5)^'') = 15. 

Proof. For p > 23, part (a) follows from (|6.5.ip . Parts (b)(i)-(v), (c)(i)-(vi), and (d) as well as part (a) 
for p — 17 follow by explicitly computing (with the aid of MAGMA) all possible w ■ 0, and then computing 
partition functions by hand or with the aid of MAGMA. For p — 11, since the weights in part (b)(iv) are 
larger than that in (b)(ii), part (b)(vi) follows from Theorem l2.5.1l and Theorem 16. 2. 41 Similarly, part (c)(vii) 
follows. □ 

6.6. Type Bq. Let $ be of type with p > h = 12 (so p > 13). As discussed in Section [631 for type 
Bs, in order to have H*(G, H°{X) ® H°{X*)''^'^) ^ for < i < 2p - 3, we must have X = pue + w ■ ior 
w e W. Recall the arguments in Section l6Tl Specifically, substituting n = 6 into ()6.1.ip gives 

(6.6.1) i>2p+{p-18). 

We obtain the following. 

Lemma 6.6.1. Suppose that $ is of type Bq with p > 13. Let X — pujQ + w ■ £ A'(T)-|_ with w G W . 

(a) IJp > 17, then (G, H^{X) ® i?0(A*)(i)) = /or < i < 2p - 3. 

(b) Suppose p = 13. Then 

(i) (G, H°{X) ® i/°(A*)(i)) = /or < i < 2p - 5; 

(ii) i/H2p-^(G,i70(A)(g)i70(A*)(i)) =p^0, then X= {p - 12)uje = lo^; 

(iii) H2p-5(G,i70(^g) ^^0(^)(i)) ^ fc. 

(iv) i/H2f~^(G,i7"(A)®7?"(A*)(i)) 7^0, thenX = uji+UQ or A = 2^2+^6/ 

(v) h2p-4(G, H^{X) (g) i/0(A*)(i)) = fc /or A = cji + cje or A = 2^2 + wg; 

(vi) H2p-5(G(Fp),fc) = fc. 

Proof. Part (a) follows from (|6.6.ip . Parts (b)(i)-(v) follow by explicitly computing (with the aid of 
MAGMA) all possible w ■ 0, and then computing partition functions by hand or with the aid of MAGMA. 
Since the weights in part (b)(iv) are larger than that in part (b)(ii), part (b)(vi) follows from Theorem l2.5.1l 
and Theorem 16.2.41 □ 



6.7. Summary for type B. 

Theorem 6.7.1. Suppose $ is of type Bn with n > 3. Assume that p > 2n. 

(a) If n >7 or p > 13 when n € {5, 6}, then 

(i) ff (G(Fp), A:) = /or < i < 2p - 3; 

(ii) H2P-3(G(Fp),fc)^0. 

(b) If n G {5, 6} and p = 13, then 

(i) (G(Fp), k) = Q for0<i<2p- 5; 

(ii) H2p-5(G(Fp),fc) = fc. 

(c) If n = 5 and p = 11, then 

(i) ff (G(Fp), /c) /or < i < 2]5 - 7; 

(ii) H2p-^(G(Fp),fc) = fc. 

(d) Ifne {3,4}, then 

(i) ff (G(Fp), /c) = /or < i < 2]9 - 8; 

(ii) H2p-S(G(Fp),fc) = fc. 

Proof. This follows from the discussion in Section l6Tl Theorem 16.2.41 Lemma (6.3.11 Lemma 16.4.11 
Lemma 16.5.11 and Lemma 16.6.11 □ 



7. Type G2 

Assume throughout this section that $ is of type G2 and that p > h = 6 (so p > 7). Following Section 
2, our goal is to find the least i > such that H*(G, H°{X) H°{X*)) ^ for some A G X{T)+. 



ON THE VANISHING RANGES FOR THE COHOMOLOGY OF FINITE GROUPS OF LIE TYPE II 31 

7.1. Restrictions. Suppose that ff (G, -ffO(A) iJ°(A*)(i)) ^ for some i > and A = + w • with 
fj, £ X{T)+ and w G W. From Proposition 12.8. iT c). i > {p — a^) — 1. Consider the two fundamental 
weights uji and 0J2- Note that uji = ag and uj2 — ol- Furthermore, we have (wi,q;^) = 1 and [uji^ol^) = 2. 
Therefore, unless /i = cji = we have (/i, a^) > 2 and i > 2p — 3. 

Suppose now that A = pwi + w • for some w G VF. In order to have H*(G,i?°(A) ® i7"(A*)(i)) ^ 0, 
as discussed in Section |2.7[ A must be dominant and A — must be a weight of S'-'(u*) for some j. In 
other words, A — wi must be expressible as a non-negative linear combination of positive roots. By direct 
calculation (by hand or with the aid of MAGMA), one can identify all possible A. These are listed in the 
following table. As usual, Si := Sa.^ and e is the identity element. 



w 


l(vj) 


A = puj\ + 1(7 • 


e 







Sl 


1 


{p - 2)wi + W2 




2 


[p - 5)a;i + 2a;2 


S\S2S\ 


3 


[p - 6)a;i + 2a;2 


S1S2S1S2 


4 


{p - 6)wi + W2 


S\S2S\S2S\ 


5 


{p - 5)a;i 



Note that each A has the form A = awi + hL02 for a > 1 and < 6 < 2. From Proposition 12 . 7. Il we know 
that for A = p/i + ■ 0, 

dimff (G, F°(A) ® 770(A*)(i)) = V (-l)^(")p,_,(,,) • A - /^). 

In the next section, we consider such partition functions. Since the prime p does not per se play a role in 
the partition function computations, we will work in a general setting. 

7.2. Partitions I. Let A = awi + 6w2 for a > 1 and < 6 < 2. From the previous section, our goal is 
to make computations of 

(7.2.1) ^(-l)^(«)p,(j..A-^i). 

In particular, we will identify the least value of fc for which this sum is non-zero along with the value of 
the sum in that case. See Proposition 17.3.31 and Proposition 17.4.41 

In order for (it • A — wi ) to be non-zero, u • A — must lie in the positive (more precisely, non- negative) 
root lattice. By direct computation, one finds that there are only four elements u G W for which this is true 
(under our assumptions on a and b above). This is summarized in the following table. The value of u • A — Wi 
is given in the root basis. 



u 




u ■ X — uji 


e 





(2a 36 - 2)ai + {a + 2b- l)a2 


Sl 


1 


(a -f 35 - i)ai + {a + 2b- l)a2 


S2 


1 


(2a + ib~ 2)ai + {a + b- 2)a2 


S1S2 


2 


(a — 6)ai + {a + b — 2)a2 



Note that in some of the cases a must be sufficiently large in order for u • A — cji to lie in the positive 
root lattice. Specifically, for si, one needs a > 3 or 6 > 1; for S2, one needs a > 2 or a > 1 and 6 > 1 or 
b > 2; and for S1S2, one needs a > 6. 

7.3. Partitions II. As noted in Section [7j2l our goal is to find the least value of k such that the sum 
(|7.2.ip is non-zero. In this section, we notice some relationships among the partition functions which will 
allow us to identify a range under which the sum is zero. 

Lemma 7.3.1. Let A — atui + bui2 with a > 3 and < < 2. Suppose that k < a + b — 2. Then 

Pfc(A - wi) = Pfe(s2 • A - wi). 
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Proof. Recall the table in Section [721 and set 

71 := A - = (2a + 36 - 2)ai + {a + 2b - l)a2, 

72 S2 ■ A - wi = (2a + 36 - 2)ai + {a + b- 2)a2. 

Consider a decomposition of 71 into fc not necessarily distinct positive roots. Since a + 26 — 1 = (a + 6 — 2) + 
(6 + 1) and fc < a + 6 — 2, at least 6 + 1 of those roots must contain 2q!2. However, the only root containing 
2^2 is a = 3ai + 2q!2. Hence, any decomposition of 71 into fc roots must contain at least 6+1 copies of a. 
Therefore 

(7.3.1) Pkhi) - Pk-b-iili - (6+ l)(3ai + 2a2)) = Pk-b-i{{2a - 5)ai + (a - 3)^2). 

Now consider 72 and the difference between the number of ais and a2S appearing. Suppose 72 = 
^(m^ai + nia2) is expressed as a sum of fc positive roots. Then 

^(m^ - rii) = ^ m-j - ^ ni (2a + 36 - 2) - (a + 6 - 2) = a + 26. 

Note that for each i, nii — rii ^ 0, 1, 2}. Since fc < a + 6 — 2, for at least 6 + 1 values of i (in fact, at 
least 6 + 2 values), we must have rrii — Ui = 2. However, the only root where that occurs is iai + a2. Hence, 
any decomposition of 72 into fc roots must contain at least 6+1 copies of 3ai + a2- Therefore, 

Pk[l2) = Pk~b-i{l2 - (6 + l)(3ai + a2)) = Pk{{2a - 5)ai + (a - 3)ai). 

Combining this with (|7.3.ip gives the claim. □ 

Lemma 7.3.2. Let X — auji + 6a;2 with a > 6. Suppose that fc < a + 6 — 2. Then 

Pk{si ■ X-LJi) = Pk{siS2 ■ A - Wi). 

Proof. Recall the table in Section [721 and set 

73 := si • A — wi (a + 36 — 3)ai + (a + 26 — 1)q;2, 

74 :— S1S2 • A — wi = (a — 6)ai + (a + 6 — 2)q;2. 
For 73, the same argument as in the preceding lemma gives 

(7.3.2) Pfc(73) = Pk-t-iin - (6+ l)(3ai + 2^2)) = Pk-b-i{{a - 6)ai + (a - 3)^2). 

Now consider 74 and the difference between the number of ais and a2S appearing. Suppose 74 — 
^(rn^ai + nia2) is expressed as a sum of fc positive roots. Then 

[rrii — Hi) = nii — = (a — 6) — (a + 6 — 2) = —6 — 4. 

Note that for each i, mi~ rii ^ {^li 0, 1, 2}. For at least 6+1 values of i (in fact, at least 6 + 4 values), we 
must have rrii — ni = —1. However, the only root where that occurs is a2- Hence, any decomposition of 74 
into fc roots must contain at least 6+1 copies of a2 ■ Therefore 

PkM = Pk-b-iil2 - (6 + 1)^2) = Pfc-fc-i((a - 6)ai + (a - 3)^2). 
Combining this with (|7.3.2p gives the claim. □ 
With the two aforementioned lemmas we can now prove the following proposition. 
Proposition 7.3.3. Let A = awi + 6^2 for a>\ and < 6 < 2. For k < a + b - 2, 

^(-l)^(")Pfc(u-A-a;i) = 0. 

Proof. From the discussion in Section [7?2l 

^ (-l)^(")Pfe(?/ ■ X ^ LOl) ^ PkiX - Ul) - Pki-Sl -X-LOl)- Pkis2 ■X-Ul)+ PkisiS2 ■ X - Wl). 

For a > 6, the claim follows from Lemma 17.3.11 and Lemma 17.3.21 above. For a < 6, one can see from the 
proof of Lemma [7.3.21 that the 2nd and fourth terms are zero. Hence, for 3 < a < 5, the result follows from 
Lemma [73111 For 1 < a < 2, one can see from the proof of Lemma [7 . 3 . 1 1 that both the first and third terms 
vanish, and so the result follows. When a is small, the claim could also be readily verified by hand. □ 
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7.4. Partitions III. Let A = auji+bu!2 for a > I and < 6 < 2. The goal of this section is to determine 

^(-l)^(")Pa+b-l(li-A-^l). 

See Proposition 17.4.41 

From the discussion in Section 17.21 we need to consider the following weights (with notation following 
Section [731): 



= A - = (2a + 36 - 2)ai + {a + 2b- l)a2, 
= S2 ■ A - wi (2a + 36 - 2)ai + (a + 6 - 2)a2, 

— si ■ \ — uji = {a + 3b ~ 3)ai + (a + 26 — l)a2, 

— S1S2 • A — wi = (a — 6)ai + (a + 6 — 2)a2. 



71 
72 
73 
74 

More precisely, 

(7.4.1) J2 i-'i-Y^"'^ Pa+b-l{u • A - C^i) = Pa+6-l(7l) - ^'a+b-l(72) - Pa+b-lils) + Pa+b-lili)- 

We first make some reduction observations as done in the proofs in Section [7.31 Note that when a is small, 
some of the statements are trivially true since both sides are zero. But we include them here (and in the 
following statements) for simplicity of exposition. Observe also that the right hand side is independent of 
the value of 6. 

Lemma 7.4.1. Let X, 71, 72, 73, and 74 be as above, and let k = a + b — 1. Then 

(a) Ffc(7i) = Pa-i(2(a - l)ai + {a - 1)02); 

(b) Pfc(72) = Pa-2{{2a - 5)ai + (a - 8)02); 

(c) Pfe(73) = Pa-i{{a ~ 3)ai + (a - 1)02); 

(d) Pfe(74) = Pa-2((a - 6)ai + (a - 3)a2). 

Proof, (a) Suppose that 71 is decomposed as a sum of k positive roots. Similar to the argument in 
Lemma [7. 3. 1[ since a + 26 — 1 = (a + 6 — 1) + 6, at least 6 of those roots must (contain 2a2 and hence) be 
a — 3cki + 2a2- Hence, Pfc(7i) = Pk-b{^i — 6a), and the claim follows. 

(b) Again, as in the proof of Lemma l7.3.1[ since the difference in the number of ais and a2S appearing 
in 72 is a + 26, if 72 is expressed as k roots, then at least 6 + 1 of them must be 3ai + 02- Hence, 
Pk{l2) — Pk-b-i{l2 — (6 + l)(3ai + a2)), and the claim follows. 

(c) As in part (a), we must have Pk(nz) — Pk~b{lz — 6a), and the claim follows. 

(d) As in part (b), similar to the proof of Lemma l7.3.21 we consider the difference in the number of ais 
and a2S appearing in 74. Since this number is —6 — 4, we can in particular assume that if 74 is decomposed 
into k roots, then at least 6 + 1 of them are a2. Hence, Pkiji) — Pk-b-i{li ^ + 1)0:2), and the claim 
follows. □ 

With the aid of Lemma [7.4.11 we now observe that there are some relationships among the Pk{li)- To 
this end, we introduce a bit of notation. Consider an arbitrary integer fc > and weight 7 = cai + da2 
for c, d > 0. Any decomposition of 7 into a sum of k positive roots is of one of two types: either the sum 
contains at least one copy of a or it does not contain any copies of a. Correspondingly, let ^^,5(7) and 
Pk,^{l) denote the number of such root sums. Then ^^(7) = -Pfc,<5(7) + Pk,^{l)- Observe that 

(7.4.2) Pfc^5(7) =^fc-i(7-o)- 

Lemma 7.4.2. Let A, 71, 72, 73, and 74 be as above, and let k — a + b — 1. Then 

(a) Pfe(7i) = Pfe(72) + Pa-i,^(2(a - l)ai + (a - l)a2); 

(b) Pkhs) = Pkili) + Pa-iAia - 3)ai + (a - l)a2). 

Proof, (a) We have 

Pkhi) - Pa-i{2{a - l)ai + (a - l)a2) (by Lemma[7XIi;a)) 

= Pa-i,5(2(a - l)ai + (a - l)a2) + Pa-i,^{2{a - l)ai + (a - l)a2) 

= Pa_2((2a - 5)ai + (a - 3)a2) + Pa-i,^(2(a - l)ai + (a - l)a2) (by (17X21) ^ 

= Pfc(72) + Pa-i,^{2{a - l)ai + (a - l)a2) (by Lemma [TXIIb)). 
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(b) We have 

^^^(73) = Pa-i{{a - 3)ai + (a - 1)^2) (by Lemma [TXIJe)) 

= Pa-i,aiia - 3)ai + (a - 1)02) + Pa-i,^((a - 3)ai + (a - l)a2) 

= Pa-2{{a - 6)ai + (a - 3)a2) + Pa-i.^{{a - 3)ai + (a - 1)012) (by (l7X2ll ^ 

= Pfc(74) + Pa-i,^((a - 3)ai + (a - 1)^2) (by Lemma [7XHd)). 

□ 

From (|7.4.ip . Lemma [7.4. II and Lemma [7.4.21 we see that 

(7.4.3) (-l)'^"^^a+6-i(u • A - c^i) = Pa-i.^(2(a - l)ai + (a - 1)^2) - Pa-i,^((a - 3)ai + (a - 1)^2). 
new 

Lemma 7.4.3. Let c > 0. Then 

Pc.gi{2cai + cq;2) - -Pc,^((c - 2)ai + ca2) = 

where \x\ denotes the least integer greater than or equal to x. 

Proof. Let 771 :— 2col\ + col2 and r\2 := (c — 2)ol\ + ca2- Observe first that if c < 2, then Pc,^{'r]-i) = 0. 
On the other hand, we have Po,^(0) = 1 and P\,^(2ol\ + 0L2) = 1, and so the claim holds for c < 2. Assume 
for the remainder of the proof that c > 2. 

Observe that if r\i is expressed as a sum of c positive roots, none of which are a, then each root is 
necessarily of the form aa\ + a2 for a G {0, 1,2,3}. So the question of possible decompositions involves 
looking only at the coefficients of a\. For nonnegative integers TO,n, let Pmin) denote the number of ways 
that n can be expressed as a sum of m integers 

n = ni + n2 + ■ ■ ■ + n„i 

where Ui G {0,1,2,3}. With this notation, Pc^^{rix) = Pc(2c), Pc,^{il2) — Pc{c — 2), and our goal is to 
compute Pc(2c) — Pc(c — 2) (when c > 2). 

For m, n as above, let Sm{n) denote the set of such partitions of n into m integers. We first show that 
there is an injection 93 ; 5c(c — 2) ^ Sd^c). Let r e 5c(c — 2). Say 

r : c - 2 = Ti + T2 H + Tc, 

where r,; £ {0,1,2,3}. Let s denote the number of r^s which equal 3. The remaining c — s values must 
sum to c — 2 — 3s, and hence at most c — 2 — 3s of those terms can be non-zero. In other words, at least 
(c — s) — (c — 2 — 3s) = 2s + 2 of the remaining terms are zero. That is, we may assume that r has the form: 

C-2 = 3+ - - -+3 + P+- - - + q +T3,+.3 + hTc, 

s times (2s+2) times 

where, for (3s + 3) < i < c, ti <E {0, 1, 2}. Let (p{t) be the partition: 

2c ^ 3 + ■ ■ ■ + 3 +2 + 2 + + ■ y + +{t3,+3 + 1) + {rss+i + 1) + ■ ■ ■ + (r, + 1). 

2s times s times 

In words, the map (p leaves the initial s copies of 3 fixed, sends s of the zeros to 3, sends two of the zeros to 
2, leaves the other s zeros fixed, and adds one to the unknown integers at the end. Note that those unknown 
integers are each at most 2, so adding one is allowable. One can also readily check that the new sum does 
indeed add up to 2c. It is clear that (p is an injection, but we will explicitly construct an inverse below. 

Observe that the resulting partition of 2c contains 2 at least twice. We claim that the image of (p is 
in fact precisely the subset X C S'c(2c) consisting of those partitions where 2 appears two or more times. 
Indeed, we can define a function ip : X ^ Sc{c — 2) as follows. Let ^ & X and s denote the number of times 
that zero appears in ^. The remaining c — s values in ^ must sum to 2c. We know that at least two of those 
have value 2. The remaining c — s — 2 terms must sum to 2c — 4. Since 2(c — s — 2) = 2c — 4 — 2s, at least 
2s of those terms must have value 3. In other words, ^ has the form: 

2c = + -^- + 0+2 + 2 + 3 + ^- ^ + 3 +6s+3 + • • ■ + Cc, 
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l) + --- + (ec-l). 



where (for (3s + 3) < i < c) E {1, 2, 3}. Let be the partition: 
c - 2 = p+- - - + q + 3 + - - - + 3 +(6s+3 - 1) + (6^+4 

(2s+2) times s times 

In words, the map ■0 leaves the zeros fixed, sends the two 2s to zero, sends s copies of 3 to zero, leaves the 
other s copies of 3 fixed, and subtracts one from each of the remaining integers. Clearly ip is an inverse to 
(j>. Hence, Pc{c ~ 2) = \X\. 

It remains to compute Pc{2c) — \X\. That is, we need to count the number of partitions 

2c ^ ni + n2 + ■ ■ ■ + Uc, 

where rii € {0, 1, 2, 3} but for which at most one value of Ui — 2. Write c — 3m + t for m > and t < 3. Then 
it is a straightforward (but somewhat lengthy) computation to show that the number of such partitions is 
m + 1. This is left to the interested reader. The lemma follows. □ 

Applying Lemma [7.4.31 with c = a — 1, we obtain the following from (j7.4.3|) . 
Proposition 7.4.4. Let A = auji + buj2 for a>\ and <b <2. Then 



^(-l)^(")p,+,_i(u.A-L.i) = 



7.5. Vanishing Ranges. Suppose that (G, H"{X) H°{X*)'-^'^) ^ for some A e X{T)+ and i > 0. 
From the discussion in Section [7.1[ we know that if i < 2p — 3, then A must be of the form A — pui +w-Q, and 
more precisely, that it must be one of the weights listed in Table mi For each such A, from Proposition l7.3.3] 
and Proposition 17.4.41 we can identify the least value of k such that 



^(-l/(")Pfc(u.A-c.i)^0, 



and moreover, identify the value of the sum. Further, from Proposition 12.7.11 (with k = [i — £{w))/2)), we 
can then identify the least non-negative i with H*(G,i?°(A) ® H^{X*Y^^) ^ along with the dimension of 
the cohomology group. This information is summarized in the following table. Here k and i are minimum 
possible values, and dim gives the dimension of the cohomology group (equivalently the value of (17.2.11) ). 



w 


e{w) 


A = pu!i + w ■ 


k 


i 


dim 


e 





pUJl 


p~l 


2p~2 


[fl 


Sl 


1 


[p - 2)UJI + LJ2 


p-2 


2p-i 




SlS2 


2 


{p - 5)u}i + 2cj2 


p - A 


2p-6 




S1S2S1 


3 


{p - 6)uJi + 2uj2 


p — 5 


2p- 7 




S1S2S1S2 


4 


(p — 6)wi + UJ2 


p — 6 


2p-8 


[fl-2 


S1S2S1S2S1 


5 


{p - 5)uJi 


p — 6 


2p- 7 


[fl-2 



Theorem 7.5.1. Suppose $ is of type G2 and p > 7. 
(a) (G, H°{X) (g) iJO(A*)(i)) = fori <2p-8. 
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(b) dimH^P-'^{G,H°{X)(S)H°{X*Y^^) 

(c) diniH2p-^(G',iJ0(A) (g>ijO(A*)(i)) 

(d) (G'(Fp), fc) ^0 for0<i<2p- 



tfX- 
else. 
tfX- 
else. 



{p - 6)uJi + UJ2 

(p — 5)u!i or (p — 6)^1 + 2ix)2 



Proof. Part (a) follows from Proposition 12 . 7. 1] and Proposition 17.3 . 3l Parts (b) and (c) follow from the 
preceding table and discussion. Part (d) follows from part (a) and Proposition 12.4.1] □ 

One would like to apply Theorem 12.5.11 to conclude that H^P^^(G'(Fp), fc) 0. However, the weight 
(p — 5)a;i is less than and linked to the weight {p — 6)uJi + L02 and so the Theorem is not applicable. The 
non-zero cohomology from the weight {p — ^)uji in degree 2p — 7 could "cancel" some or all of the cohomology 
coming from the weight (p — 6)wi + uj2. We refer the interested reader to |BNP1 Section 2.7] for discussion 
of this interplay. 

In a similar manner, cohomology in degree 2p — 6 coming from the weight (p — 6)uji + uj2 could cancel 
that in degree 2p — 7 coming from the weight {p — 6)uji + 2lu2. So it is not even possible to conclude that 
H^''~^(G'(Fp), k) =/= 0. In summary, alternate methods are needed to determine the precise vanishing bound. 

8. Type F4 

Assume throughout this section that $ is of type F4 and that p > h = 12 (so p > 13). Following the 
strategy laid out in Section 2, our goal is to find the least i > such that (G, i7"(A) H°{X*)'-^'^) ^ for 
some XeX{T)+. 

8.1. Restrictions. Suppose that ^(6*, iJ"(A) iJ"(A*)(i)) ^ for some i > and A =p^ + u;-0 with 
fi e X{T)+ and w ^W. From Proposition [2X11 i > (p- 1)(^, d^) - 1. For 1 < i < 3, we have (uj^a'^) > 2, 
while (w4, a^) = 1. Therefore, unless /i = UJ4 — ao, we have (/i, a^) > 2 and i > 2p — 3. 

Suppose now that A = pLu^ + w ■ for some w £ W. With the aid of MAGMA, one can identify all w for 
which A is in fact dominant. From Proposition l2.8.lT a). with a ~ uq and A = puj^ + w • 0, since (a;4, Uq) — 2, 
we have 

(8.1.1) i>2{p^l)+e{w) + {w0,a^). 

By checking all possible cases, one finds that £{w) + {w ■ 0,aQ) > —7. Combining this with (|8.1.ip . we 
conclude that i > 2p — 9. From Proposition 12.4.11 we get the following. 

Theorem 8.1.1. Suppose $ is of type F4 and p > 13. Let A £ X{T)+. Then 

(a) ff(G,i/"(A) ®i?°(A*)(i)) = 0for0<i<2p^9; 

(b) (G(Fp), fc) =0 forO <i <2p~9. 

8.2. Based on the preceding discussion, the weights which could give W{G,H'^{X) ® H^{X*)^^'>) ^ 
for i < 2p — 7 are summarized in the following table. 



A ~ PLU4 + w ■ 


£{w) 




i 


{p - 12)^4 + UJ2 


13 


-20 


2p-9 


{p - 12)lo4 + UJ3 


14 


-21 


2p-9 


[p - ll)a;4 


15 


-22 


2p-9 


{p — 11)^4 + iuJi 


10 


-16 


2p~8 


{p - 12)aj4 + 2uji + CJ3 


11 


-17 


2p-8 


{p - 12)a;4 + uji + UJ2 


12 


-18 


2p-8 


[p — ll)c<J4 + 2wi + (jJ2 


9 


-14 


2p-7 


[p - 12)c<;4 + wi + W2 + 


10 


-15 


2p-7 


{p - 12)a;4 + 2i02 


11 


-16 


2p-7 



As seen in Section [277l A — ^4 must be a weight of 5 2 (u*), and hence i is congruent to i{w) mod 2. It 
follows that some of the above degree bounds are even higher. For example, consider X = (p — 12)a;4 + UJ3 = 
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puj4 + w-0. Since £{w) = 14 but 2p~9 is odd, the least value i could take would be 2p — 8. A similar situation 
holds for X — (p — 12)a;4 + 2wi + UJ3 and X — [p — 12)^4 + wi + W2 + W3. Similarly, for the other weights in 
the above list, if the cohomology vanishes in the degree i listed, then the next possible non- vanishing degree 
is i + 2. We summarize this in the following lemma. 

Lemma 8.2.1. Suppose $ is of type F^, p > 13 and X e X{T)+. Suppose thatn\G,H°{X)(E)H"{X* )''^'^) ^ 
0. Then 

(a) i>2p- 9; 

(b) if i — 2p — 9, then A = (p — 12)tj4 + uj2 or [p — 11)^4; 

(c) if i = 2p — 8, then A = (p — 12)cl>4 + W3 , {p — ll)a;4 + 3a;i, or (p — 12)a;4 + loi + L02; 

(d) if i = 2p—7 , then X = (p — 12)^4 + UJ2, {p — 11)^4, (p ~ 12)a;4 + 2a;i + u^, {p — ll)a;4 + 2^1 + UI2, 
or {p — 12)^4 + 2^2. 

8.3. Conjectures. In principle, one could use Proposition 12 . 7. II to compute the dimension of 

ff(G, iJ"(A) «)i7"(A*)(i)) 

in terms of partition functions for the weights in Lemma [8. 2. II For small p, one can use MAGMA to make 
this computation. For p = 13, 17, or 19, one finds that the two candidates in degree 2p — 9 have zero 
cohomology. They do give cohomology in degree 2p — 7. And in degree 2p — 8, the only one weight (of the 
three) which has cohomology is (p — 12)a;4 + CJ3. We make the following 

Conjecture 8.3.1. Suppose that $ is of type F4, p > 13, and A = p^ + w ■ £ X(r)+. Then 

(a) H*(G, i?°(A) ® i?0(A*)(i)) ^ Q for {)< i < 2p - 8; 

(b) h2p-«(G, il"(A) ® ijO(A*)(i)) ^ /or A ^ (p - 12)^4 + ^3- 

If part (a) of the conjecture holds, then II'(G(Fp),fc) = for < i < 2p — 8 thus improving upon 
Theorem 18.1.11 However, even if part (b) of the conjecture also holds, it does not necessarily follow that 
II^''^'*(G(Fp), k) ^ 0. Analogous to the situation for type G2 (cf. Section [73|) . cohomology in degree 2p — 7 
from the weight (p — ll)aj4 could cancel out the cohomology in degree 2p — 8 from the weight (p — 12)aj4 + a;3. 

Coni ecture 18 . 3 . II is a special case of a more general conjecture on partition functions (known to hold for 
small values of m). Conjecture 18.3. iT a) would follow from parts (a) and (b) while Conjecture 18. 3. iT b) would 
follow from part (c). 

Conjecture 8.3.2. Suppose that $ is of type F4 and m> 1. Then 
(a) J2 (™^4 + c^2) -W4) =0; 



uew 



(b) J2 i-^Y^^^Pm^U ■ (mW4) - ^4) - 



if m is even, 
if m is odd; 



(c) V (-l)^(")P™+i(w • imuji + - iOi) = 1. 



uew 
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